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Bounded gaps between primes 

By Yitang Zhang 


Abstract 


It is proved that 

liminf (p n +i — Pn) < 7 x 10', 

n—> oo 

where p„ is the n-th prime. 

Our method is a refinement of the recent work of Goldston, Pintz and 
Yildirim on the small gaps between consecutive primes. A major ingredient 
of the proof is a stronger version of the Bombieri-Vinogradov theorem that 
is applicable when the moduli are free from large prime divisors only, but 
it is adequate for our purpose. 
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1. Introduction 

Let p n denote the n-th prime. It is conjectured that 

liminf(p n+ i - p n ) = 2. 
n—>• oo 

While a proof of this conjecture seems to be out of reach by present methods, 
recently Goldston, Pintz and Yildirim [7] have made significant progress toward 
the weaker conjecture 

(1.1) liminf(p n+ i - p n ) < oo. 

n—> oo 

In particular, they prove that if the primes have level of distribution d = 
1/2 + w for an (arbitrarily small) vo > 0, then (1.1) will be valid (see [7, 
Th. 1]). Since the result i) = 1/2 is known (the Bombieri-Vinogradov theorem), 
the gap between their result and (1.1) would appear to be, as said in [7], within 
a hair’s breadth. Until very recently, the best result on the small gaps between 
consecutive primes was due to Goldston, Pintz and Yildirim [8]. This result 
gives that 

(1.2) liminf Pn+1 —- — < oo. 

rwoo y/\ogp n {\og\ogp n y 

One may ask whether the methods in [7], combined with the ideas in Fouvry 
and Iwaniec [5] and in Bombieri, Friedlander and Iwaniec [1], [2], [3] which 
are employed to derive some stronger versions of the Bombieri- Vinogradov 
theorem, would be good enough for proving (1.1) (see [7, Question 1, p. 822]). 

In this paper we give an affirmative answer to the above question. We 
adopt the following notation of [7]. Let 

(1.3) 77 = {hi, h,2, ■ ■ •, hk 0 } 

be a set composed of distinct nonnegative integers. We say that 77 is admissible 
if v p (TL) < p for every prime p, where zz p (77) denotes the number of distinct 
residue classes modulo p occupied by the hi. 

Theorem 1. Suppose that 77 is admissible with ko > 3.5 x 10 6 . Then 
there are infinitely many positive integers n such that the ko-tuple 

(1.4) {n + hi,n + h 2 ,...,n + h ko } 
contains at least two primes. Consequently , we have 

(1.5) liminf(p n+ i - p n ) < 7 x 10 7 . 

n—> oo 

The bound (1.5) results from the fact that the set 77 is admissible if it 
is composed of ko distinct primes, each of which is greater than ko, and the 
inequality 

vr(7 x 10 7 ) - vr(3.5 x 10 6 ) > 3.5 x 10 6 . 
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This result is, of course, not optimal. The condition ko > 3.5 x 10 6 is also 
crude, and there are certain ways to relax it. To replace the right side of (1.5) 
by a value as small as possible is an open problem that will not be discussed 
in this paper. 


2. Notation and sketch of the proof 


Notation. 


p: a prime number. 

a, b, c, h, k, l, m: integers. 

d, n, q , r: positive integers. 

A (q): the von Mangoldt function. 

Tj(q): the divisor function, 72 (g) = r(g). 

< p(q ): the Euler function. 
p(q): the Mobius function. 
x: a large number. 

C = log x. 
y,z: real variables. 
e(y) = exp{2vriy}. 
e q (y) = e(y/q). 

||y||: the distance from y to the nearest integer. 
m = a(q): means m = a (mod q). 
c/d means a/d (mod 1) where ac = l(modd). 
q ~ Q means Q < q < 2 Q. 

e: any sufficiently small, positive constant, not necessarily the same in 
each occurrence. 

B: some positive constant, not necessarily the same in each occurrence. 
A: any sufficiently large, positive constant, not necessarily the same in 
each occurrence. 

77 = 1 + C ~ 2A . 

xn'. the characteristic function of [N, pN) n Z. 

E n : a summation over reduced residue classes l (mod q). 

l( mod q) v ^' 

C q (a ): the Ramanujan sum £ l( mod q) ^ 


We adopt the following conventions throughout our presentation. The set 
% given by (1.3) is assumed to be admissible and fixed. We write u p for v p (/H)] 
similar abbreviations will be used in the sequel. Every quantity depending on 
Ji alone is regarded as a constant. For example, the absolutely convergent 
product 


e = n(i 

p '■ 




—fco 
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is a constant. A statement is valid for any sufficiently small e and for any 
sufficiently large A whenever they are involved. The meanings of “sufficiently 
small” and “sufficiently large” may vary from one line to the next. Constants 
implied in 0 or <C, unless specified, will depend on 77, s and A at most. 

We first recall the underlying idea in the proof of [7, Th. 1], which consists 
in evaluating and comparing the sums 


( 2 . 1 ) 

and 

( 2 . 2 ) 


Si = Y1 A ( n ) 2 


ko 


S? = + h i) ) A ( n 


i=l 


where A (n) is a real function depending on 77 and x. and 


6(n) 


log n if n is prime, 

0 otherwise. 


The key point is to prove, with an appropriate choice of A, that 


(2.3) 


S 2 — (log3x)Si > 0. 


This implies, for sufficiently large x, that there is a n ~ x such that the tuple 
(1.4) contains at least two primes. 

In [7] the function A(n) mainly takes the form 


(2.4) 


A(n) = 


(ko + Iq 


d\P(n) 

d<D 


\ fco+/o 

los l) • 


lo > 0 , 


where D is a power of x and 

ko 

p (n) = Yl(n + hj). 

3 =1 


Let 

A (r,d,c)= H for K c ) = 1 

n^x 'tV*') n~x 

n=c(d) (n,d )=1 

and 


Ci(d) = {c : 1 < c < d, (c, d) = 1, P(c — hi) = 0(mod d)} for 1 < i < ko. 


The evaluations of S\ and S 2 lead to a relation of the form 

S 2 - (log3x)Si = {k 0 T 2 * - CT{)x + O(x£ ko+2l °) + 0{£) 
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for D < x 1 / 2 £ , where T* and T% are certain arithmetic sums (see Lemma 1 
below), and 

£ = \v( d )\ T 3 {d) T k 0 -i(d) |A(6»;d,c)|. 

l<j<fco d<D 2 ceCi(d) 

Let w > 0 be a small constant. If 

(2.5) H = x 1/4+OT 

and ko is sufficiently large in terms of zu. then, with an appropriate choice of 
l 0 , one can prove that 

(2.6) k 0 T 2 * - CTi > C k °+ 2Zo +i. 

In this situation the error £ can be efficiently bounded if the primes have level 
of distribution id > l/2 + 2zu, but one is unable to prove it by present methods. 
On the other hand, for D = x 4 / 4_£ , the Bombieri-Vinogradov theorem is good 
enough for bounding £, but the relation (2.6) cannot be valid, even if a more 
general form of A(n) is considered (see Soundararajan [13]). 

Our first observation is that, in the sums T{ and T 2 , the contributions 
from the terms with d having a large prime divisor are relatively small. Thus, 
if we impose the constraint d\V in (2.4), where V is the product of the primes 
less than a small power of x, the resulting main term is still 3> C k ° +2l ° +1 with 
D given by (2.5). 

Our second observation, which is the most novel part of the proof, is 
that with D given by (2.5) and with the constraint d\V imposed in (2.4), the 
resulting error 

( 2 -7) ^ T 3(d)T ko -i(d) l A (M,c)| 

l<i<fco d<D 2 c£Ci(d) 

d\P 

can be efficiently bounded. This is originally due to the simple fact that if d\V 
and d is not too small, say d > x 1//2_£ , then d can be factored as 

(2.8) d = rq 

with the range for r flexibly chosen (see Lemma 4 below). Thus, roughly speak¬ 
ing, the characteristic function of the set {d : x 4 / 2 ~ £ < d < D 2 , d\V} may be 
treated as a well-factorable function (see Iwaniec [11]). The factorization (2.8) 
is crucial for bounding the error terms. 

It suffices to prove Theorem 1 with 

k 0 = 3.5 x 10 6 , 

which is henceforth assumed. Let D be as in (2.5) with 

1 

1168' 


w = 



1126 


YITANG ZHANG 


Let g(y) be given by 

a{y) 


and 


where 


Write 


1 

(ko + loV- 


j-y \ ko~\-lo 

log — ) 

y ) 


if y < D 


g(y) = 0 if y>D, 
l 0 = 180. 


(2.9) D x = x ro , V = W p - 

P<D\ 

(2.10) D 0 = exp^ 1 /* 0 }, Vo= I] P- 

p<Do 

In the case d\V and d is not too small, the factor q in (2.8) may be chosen such 
that (q,V o) = 1- This will considerably simplify the argument. 

We choose 


( 2 . 11 ) A (n) = Y P( d )9( d )- 

d\(P(n),T) 

In the proof of Theorem 1, the main terms are not difficult to handle, 
since we deal with a fixed di. This is quite different from [7] and [ 8 ], in which 
various sets di are involved in the argument to derive results like ( 1 . 2 ). 

By Cauchy’s inequality, the error (2.7) is efficiently bounded via the fol¬ 
lowing 


Theorem 2. For 1 < i < ko we have 

( 2 . 12 ) Y |A(M,c)| < xC~ A . 

d<D 2 ceCi(d) 
d\P 

The proof of Theorem 2 is described as follows. First, applying combina¬ 
torial arguments (see Lemma 6 below), we reduce the proof to estimating the 
sum of | A(y; d, c)| with certain Dirichlet convolutions 7 . There are three types 
of the convolutions involved in the argument. Write 

(2.13) X! = x 3/8+8ot , x 2 = x 1/2 “ 4ro . 

In the first two types the function 7 is of the form 7 = a * ft such that the 
following hold: 

(Ai) a = is supported on [M, ry J1 M), j\ < 19, a(m) <C Tj 1 (m)C. 

(A 2 ) /3 = (/3(n)) is supported on [TV, j '2 < 19, f3(n) <C Tj 2 (n)C , 

xi < N < 2x 1//2 . 
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For any q, r and a satisfying (a,?’) = 1, the following “Siegel-Walfisz” assump¬ 
tion is satisfied: 

P( n ) “ ^( n ) T 2 o(q)NC~ 200A . 

n=a(r) ' v ' ( n,qr)=l 

(n,q )=1 

(A 3 ) ji + h < 20, [MN, V 20 MN) C [x, 2s) . 

We say that 7 is of Type I if x\ < N < X 2 ] we say that 7 is of Type II if 
X2 < N < 2.T 1 / 2 . 

In the Type I and II estimates we combine the dispersion method in [5] 
and [1] with the factorization (2.8). (Here r is close to N in the logarithmic 
scale.) Due to the fact that the modulo d is at most slightly greater than 
x 1 / 2 in the logarithmic scale, after reducing the problem to estimating certain 
incomplete Kloosterman sums, we need only to save a small power of x from 
the trivial estimates; a variant of Weil’s bound for Kloosterman sums (see 
Lemma 11) will fulfill it. Here the condition N > x\, which may be slightly 
relaxed, is essential. 

We say that 7 is of Type III if it is of the form 7 = 0 * >c^ 1 * xjv 2 * Xjv 3 
such that a satisfies (Ai) with j , < 17 and such that the following hold: 

(A 4 ) N 3 <N 2 <N 1i MN, < Xl . 

(A 5 ) [MN^N^ri^MN^Ns) C [x,2x). 

The Type III estimate essentially relies on the Birch-Bombieri result in the 
appendix to [ 6 ] (see Lemma 12), which is employed by Friedlander and Iwaniec 
[ 6 ] and by Heath-Brown [10] to study the distribution of 73 ( 71 ) in arithmetic 
progressions. This result in turn relies on Deligne’s proof of the Riemann 
Hypothesis for varieties over finite fields (the Weil Conjecture) [4], We estimate 
each A(y; d, c ) directly. However, if one applies the method in [ 6 ] alone, efficient 
estimates will be valid only for MN, <C x 3 / 8 ~ 5ot / 2_£ . Our argument is carried 
out by combining the method in [ 6 ] with the factorization ( 2 . 8 ) (here r is 
relatively small); the latter will allow us to save a factor r 1 / 2 . 

In our presentation, all the a(m ) and /3(n) are real numbers. 

3. Lemmas 

In this section we introduce a number of prerequisite results, some of which 
are quoted from the literature directly. Results given here may not be in the 
strongest forms, but they are adequate for the proofs of Theorems 1 and 2. 

Lemma 1. Let gi(d) and 02 (d) be the multiplicative functions supported 
on square-free integers such that 


Slip) = v P , 


Q2 (p) = ^ - 1. 
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We have 


t* Y^ Y^ h j [d\d‘2)Q\(dod\d,2) . , 

t; = £ £ £ —***— s(d 0 dMd 0 d 2 ) 

ao ai a2 

t* Y^ Y^ h(did 2 ) 62 {dodid 2 ) , , , . , . 

V =2^ z.- 3 w \ - g(.d 0 d 1 )g{d 0 d 2 ). 

XXX V{ d * d i d 2) 


T* = 


y^yy ( 2 / 0 °) 6(1 ° g jD ) fc ° +2 '° + o(£ fc0+2 ' 0 ) 


(3.2) T 2 * = 


2 io + 2 


l5(log£>) fco+a ° +1 + o(£ fco+2io+1 ). 


' ' 2 (£;o + 2Zo + l)!V*o + iy v " ' 

Proof. The sum Tj* is the same as the sum Tr{1\, I 2 ', 'Hi, 77 2 ) i n [7, eq. (7.6)] 


"Hi — 77 2 — 77 (fci — k2 — ko), l\ — I 2 — l 0 , R — 77, 
so (3.1) follows from [7, Lemma 3]; the sum Tf is the same as the sum 
7 r(/i,Z 2 ; 77 i, 77 2 ,/io) in [7, eq. (9.12)] with 

77 1 = 77 2 = 77, l\ = I 2 = Z 0 , ho G 77 , 72 = D, 

so (3.2) also follows from [7, Lemma 3]. □ 

Remark. A generalization of this lemma can be found in [13]. 

Lemma 2. Let 

. ,.. v-^ pi. r )e iW ,, \ 

Ai(ci)= 2 ] flW 

(r,rf)=l 

and 

Mi)= £ JL g(rfr). 

(r,d)=l ^ ' 

Suppose that d < D and \g{d)\ = 1. Then we have 

(3.3) A(d) = ^e(log^) ° +0(£ i °- 1+£ ) 


<3 - 4) A < rf) = (Yrrr s ( 1 O 8 7) ,1,+1 + 0(£ ‘” + ‘). 

where &i(d) and 1 ) 2 (d) are the multiplicative functions supported on square-free 
integers such that 


Mp)= 1 -- 
V p 


Mp) = f 1 - — —y~ 

V P ~ 1 
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Proof. Recall that Dq is given by (2.10). Since Qi(r) < Tfc 0 (r), we have 
trivially 

Ai{d) « 1 + (log{D/d)) 2k ° +l °, 

so we may assume D/d > exp{(log At) 2 } without loss of generality. Write 
s = a + it. For a > 0 we have 

£ Ar \ Q f r) = iM<U)G 1 (s)C(l + S )-+ 


(r,d)=l 


where 


Md,s) = n( !- -ifi 

p\d V 1 
It follows that 


Gi(s)=l[(l- 


1 I +5 


1 - 


1+5 


V 


—ko 




di{d,s)G l {s) ( D/d) s d.s 


l(i/ C ) C(l + s) fco s fc o+'o+i 

Note that Gi(s) is analytic and bounded for a > —1/3. We split the line of 
integration into two parts according to |f| < Dq and \t\ > Dq. By a well- 
known result on the zero-free region for C( s )i we can move the line segment 
{a = 1 /£, \t\ < D 0 ] to 

{o- = K (log Dq ) _ 1 , \t\ < A)}, 

where k > 0 is a certain constant, and apply some standard estimates to deduce 
that 

a (r1 \ _ 1 f Md,s)Gi{s)(D/d) s ds n(r - A x 

1 27ri J\s\=i/c C(l + S ) fc ° s fc °+ io+1 
Note that di(d, 0) = A (d) and 


di(d, s ) - (d) = di(d, s)di(d) 


l\d 


m(0^i(0 

l 


(i-r s ). 


If |s| < l/£, then di(d,s) <C (log£) B so that, by trivial estimation, 

di(d, s) - di(d) <C £ e_1 . 

On the other hand, by Cauchy’s integral formula, for |s| < l/£ we have 

Gi(s) - © < l/C. 

It follows that 


1 


i?i(d,s)Gi(s) ( D/d) s d.s 


2ni J\s\=i/c C(l + ' s ) fc ° s k o+ ; o+i 

——tf,(d)6 f {D/drds 

2ni n J J\ s 


l\s\=l/C S' 


^o+l 


< c l °~ 1+£ . 


This leads to (3.3). 
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The proof of (3.4) is analogous. We have only to note that 


1 


M{d) - — 


Md,s)G 2 (s) ( D/d) s ds 


2m J(i/C) C(l + S ) fc ° -1 s fco+Zo+1 


with 


-l 


, c 2 ( S )=n i- 


Vri - 1 


(p-l)p S J\ P 


1 - 


and G 2 (0) = ©. 

Lemma 3. We have 

( 3 . 5 ) £ Qi(d)Md) = ( 1 + / ^y k0 6 -i {logD) k 0 + o ^k 0 -i) 

d<xV 4 d k °' 

and 

(3.6) £ = (1 1 e-MogP)^- 1 + 0 (/* 


)l+5 


1 —fco 


□ 


— 2 s ! 


where 


Proof. Noting that d\{jp)/p = l/(p — i/ p ), for cr > 0 we have 

1 \ fco 


d= 1 


Bi(«)=n h+ 


P v (P ~ v .p)P S 

Hence, by Perron’s formula, 


1 - 


P 


l + s 




V 

dKx 1 / 4 


^W^i(rf) 1 /' 1 / £ + i - D ° E l( s)0 (1 + s) fc o x s/4 


d 


2m Ji/c—iDo 


ds + 0{D^ l C u ). 


Note that 2?i(s) is analytic and bounded for a > —1/3. Moving the path of 
integration to [—1/3 — iDo,— 1/3 + iDq], we see that the right side above is 
equal to 


1 


Hi(s)C(l + s) fc °x s / 4 


ds + 0(D^C B ). 


2m J\s\=i/c s 

Since, by Cauchy’s integral formula, B\(s) — B i(0) <C 1/C for |s| = 1/C, and 

k 0 


Bl<0)= n (ft 


1 - - 1 =6 
P 


-l 


it follows that 


C uhMiM = Te- 1 (f)"° + o(£’»-‘). 

d<x x / 4 v 7 

This leads to (3.5) since C/4 = (1 + 4m) _1 log-D by (2.5). 
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The proof of (3.6) is analogous. We have only to note that, for a > 0, 

y. Q2(d)Md) 

In v(d)p s 


with 


b ' 2(s) - n ( 1 +1 


= + s )^- 1 

^ \fco-l 


1 - 


P 


1+5 J 


and ^ 2 ( 0 ) = 6 1 . □ 

Recall that D\ and V are given by (2.9) and Vo is given by (2.10). 

Lemma 4. Suppose that d > d\P and (d,V 0 ) < D\. For any R* 
satisfying 

(3.7) D\ < R* < d, 

there is a factorization d = rq such that Df l R* < r < R* and (q,V 0 ) = 1. 
Proof. Since d is square-free and d/(d,V 0 ) > D 1 , we may write d/(d,V 0 ) 


as 


d 


(d,V 0 ) 


= pj with Dq < pi < P2 < ■ ■ ■ < Pn < D\, n > 2. 


3 = 1 


By (3.7), there is a n! <n such that 


n'+l 


(d, Vo) n Pj < r * and n pj > r * 


1=1 

The assertion follows by choosing 


l=i 


= (d,V 0 )Y[pj, 9= II PJ 


l=i 


j=n , +1 


□ 


and noting that r > (l/p n > +i ) R *■ 

Lemma 5. Suppose that 1 < i < ko and \p(qr)\ = 1. There is a bijection 
Ci(qr) -> Cj(r-) x Cj(g), c e+ (a, 6) 

such that c(mod qr ) is a common solution to c = a(mod r) and c = 6 (mod ( 7 ). 
Proof. By the Chinese remainder theorem. □ 

The next lemma is a special case of the combinatorial identity due to 
Heath-Brown [9]. 
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Lemma 6. Suppose that x 1 / 10 < x* < yx 1 / 10 . For n < 2x we have 
10 /in\ 

A H = n(rrn)... n{mj) ^ logm. 

j =1 \J / n 1 ...nj7n 1 ...m.j=n 

The next lemma is a truncated Poisson formula. 

Lemma 7. Suppose that q < if < if 9 and x 1 / 4 < M < x 2 / 3 . Let f be a 
function of C°°(— oo, oo) class such that 0 < f(y) < 1, 

f(y) = 1 if M<y<rfM , 


/(y) = 0 */ y i [(1 - M~ £ )M, (1 + M~ e )rfM\, 

and 

/^(y)«M- A1 - £ ), j>l, 

t/ie implied constant depending on e and j at most. Then we have 
/M = \ f{h/d)e d (-ah)+ 0(x~ 2 ) 

m=a(d) \h\<H 


for any H > dM l+2e , where f is the Fourier transform of f; i.e., 

/ OO 

f(y)e(yz)dy. 

-OO 

Lemma 8. Suppose that 1 < N < N' < 2x, N' — N > x £ d and ( c,d ) = 1. 
Then for j, v > 1 we have 


T A n Y < 

N<n<N' 

n=c(d) 


N’-N 

<p(d) 


C j 


'-i 


t/ie implied constant depending on e, j and v at most. 
Proof. See [12, Th. 1], 


□ 


The next lemma is (essentially) contained in the proof of [ 6 , Th. 4]. 
Lemma 9. Suppose that H, N > 2, d > H and ( c,d ) = 1. Then we have 
(3.8) ^2 min {iL, ||ch/d|| _1 } <C (dN) £ (F[ + N). 

n<N 

(n,d )=1 

Proof. We may assume N > H without loss of generality. Write {y} = 
y — [y\. and assume £ € [1/iL, 1/2], Note that { cn/d } < £ if and only if 
bn = c(modd) for some b G (0, d£], and 1 — £ < {cn/d} if and only if bn = 
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—c(rnodd) for some b € (0,d£], Thus, the number of the n satisfying n < N, 
( n,d ) = 1 and ||ch/d|| < £ is bounded by 

£ T(q)<&d?N 1+e S. 

q<dN£ 
q=±c(d ) 

Hence, for any interval I of the form 

I = (0,1/ H\, I = [1 — 1/H, 1) j I =[£,?] or I = [1 - e 7 ,1 - €] 

with l/id<£<£ / <l/2 , < 2£, the contribution from the terms on the left 

side of (3.8) with {ch/d} E I is <C d e ./V 1+£ . This completes the proof. □ 


Lemma 10. Suppose that (3 = satisfies (A 2 ) and R < x £ N. Then 

for any q we have 

12 




1 


E E 


^ Z( mod r) I n=l(r) 
(n,q)=l 


(n,qr )=1 


B AT 2 r -100A 


< r{q) a N*C 


Proof. Since the inner sum is <C <p(r) 1 N 2 £ B by Lemma 8 , the assertion 
follows by Cauchy’s inequality and [1, Th. 0]. □ 

Lemma 11. Suppose that N > 1, did 2 > 10 and |/r(di)| = |/x(c? 2 )| = 1- 
Then we have , for any c\, C 2 and l, 

,di)(c 2 ,d2){di,d 2 ) 2 N 


( 3 . 9 ) £ e ( ^ + « ( dl d 2 ) 1/ 2+£ +Ell 

n</V V d 2 J 


n<N 
(n,di)=l 

(n+i,d 2 )=l 


d\d2 


Proof. Write do = (di,d 2 ), L = di/do, t 2 = ^ 2/^0 and d = doH^ 2 - Let 

<nn 

T 


^ /cm c 2 (n + i) mn 
K{di,ci;d 2 ,C 2 ]l,m) = ) e —- H- - -h 

„ui V di d 2 


(n,di)=l 

(n+Z,d 2 )=l 


We claim that 


(3.10) | A'(di, ci; cfe, c 2 ; l, m)\ < d 0 \S(m, by, h)S(m, 6 2 ; * 2 )! 
for some 61 and 62 satisfying 

(3.11) (bi,ti) < (ci, di), 

where S(m,b;t ) denotes the ordinary Kloosterman sum. 

Note that do, H and t 2 are pairwise coprime. Assume that 

n = t\t 2 no + do /2111 + dot\n 2 (mod d) 

and 

l = tit 2 lo + d 0 til 2 (mod d 2 ). 
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The conditions (n, d\) = 1 and (n + l , d 2 ) = 1 are equivalent to 

(n 0 , d 0 ) = (ni,h) = 1 and (n 0 + Z 0 , d 0 ) = {n 2 + h, £ 2 ) = 1 
respectively. Letting a*(mod do), & ? :(modL), i = 1,2 be given by 
a\t\t .2 = ci(mod do), a 2 tid 2 = c 2 (mod do), 

6 idot 2 = ci (mod H), fr 2 doti = c 2 (modt 2 ), 
so that (3.11) holds, by the relation 


iAA (modi) 


we have 


cm c 2 (n + l ) amo + a 2 (n 0 + l 0 ) , hm 6 2 (n 2 + / 2 ) 

+ -*- + -^ + —tr~ (modl> ' 


Hence, 


cin c 2 (n + Z) mn 

~dT + d~2 + ~d 


_ amo + a 2 (n 0 + /o) + rnn 0 
do 


6 ini + m.ni & 2 (n 2 +/ 2 ) + m(n 2 +/ 2 ) mi 2 . 

+- 7 -+- 7 -—(mod 1 ). 

ti t 2 £2 

From this we deduce, by the Chinese remainder theorem, that 
K(di, C 14 d 2 , c 2 ; l, m) 

= e t2 (-mh)S(m,, 6 1 ;£ 1 )5(m, 6 2 ;t 2 ) e do (am + a 2 (n + / 0 ) + mn), 

n<do 

(n,do )=1 
(n+Z 0 ,<lo) = l 

whence (3.10) follows. 

By (3.10) with m = 0 and (3.11), for any /c > 0 we have 


v— / cirz c 2 (n + /)\ 


k<n<k-\-d 
(n,di=l 
(n+Z,d 2 )=1 


< (ci,di)(c 2 ,d 2 )d 0 . 


It now suffices to prove (3.9) on assuming N < d— 1. By standard Fourier 
techniques, the left side of (3.9) may be rewritten as 

Y u(m)K(d\,c\\ d 2 , c 2 ; l,m) 


—oo<m<oo 


with 

(3.12) 


it(m) <C min 


IV 1 d 
d ’ Iml ’ m 2 
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By (3.10) and Weil’s bound for Kloosterman sums, we find that the left side 
of (3.9) is 

< d o (\u(0)\(b 1 ,ti)(b2,t 2 ) + (ht 2 ) 1/2+£ Y \u(m)\(7n 1 b 1 ,t 1 ) 1/2 (m 1 b2,t 2 ) 1/2 

' nif^O 

This leads to (3.9) by (3.12) and (3.11). □ 

Remark. In the case d 2 = 1, (3.9) becomes 

(3.13) £ e* (c, fi) « T 2+ ' + ■ 

n<N dl 

(n,di)=l 

This estimate is well known (see [2, Lemma 6], for example), and it will find 
application somewhere. 

Lemma 12. Let 

T(k-,mi,m 2 ;q) = Y Y* E* e q (lti - (l + k)t 2 + miti ~ m 2 t 2 ), 

l( mod q)ti( mod q)t 2 ( mod q) 

where Y, restriction to (1(1 + k),q) = 1. Suppose that q is square-free. 
Then we have 

T(k\ mi, m 2 ; q) <C (k, q) l / 2 q 3 ^ 2+e . 

Proof. By [6, eq. (1.26)], it suffices to show that 
T(k-,mi,m 2 -,p ) <C (k,p) ll/2 p 3 ^ 2 . 

In the case k ^ 0(modp), this follows from the Birch-Bombieri result in the 
appendix to [6] (the proof is straightforward if rn i rn 2 = 0(mod p))\ in the case 
k = 0(modp), this follows from Weil’s bound for Kloosterman sums. □ 


4. Upper bound for S\ 


Recall that S\ is given by (2.1) and A (n) is given by (2.11). The aim of 
this section is to establish an upper bound for S\ (see (4.20) below). 

Changing the order of summation we obtain 


Si = Y h(di)g(di)ti(d 2 )g(d 2 ) 

dx\V d 2 \p 


E 

n~x 

P(n)=0([di,<fe]) 


1. 


By the Chinese remainder theorem, for any square-free d , there are exactly 
Qi(d) distinct residue classes (mod d) such that P(n ) = 0(mod d) if and only 
if n lies in one of these classes, so the innermost sum above is equal to 


Qi([di,d 2 ]) 

[di,d 2 ] 


x + 0(gi([di,d 2 ])). 
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It follows that 

(4.1) 

where 


2 +£\ 


Si = TlX + 0(D 


■r d{di)g{di)fj,(d2)g{d2) fU ; n 

Tl = N E- 


di\V d 2 \V 

Note that Qi(d) is supported on square-free integers. Substituting do = (di, c/2) 
and rewriting di and d 2 for di/do and cfo/do respectively, we deduce that 

(4.2) d,>9(4^2). 

*|P 4,|f 4 a |f * <!l<i2 

We need to estimate the difference T\ — T\. We have 

7T = S 1 + S 3 1, 


where 

Ei= E E E <Mi)<>(<w, 

j Jl/i j j ao«i«2 

dof^a; 1 / 4 “i “2 

v n{d\d2)Q\{dod\d2) , , . , , , , 

??-44*-»(dod.M*<fc). 

x 1 / i <d,Q<D d x d 2 

In the case do > a: 1 ^ 4 , dodi < D , do ^2 < D and |/x(did 2 )| = 1, the conditions 
dilP, * = 1,2 are redundant. Hence, 

71 = E2 + S32, 


where 

v f l {did2)gi(dodid2) . , , , , 

s 2 = 2^ 2^ - ~n~i - g{d 0 d 1 )g(d 0 d 2 ), 

d 0 <Z/ 4 <h|P <b|P W2 

rfolE 

v Y^ H{d\d2)Q\(dod\d2) , , . , , , , , 

??-444-9(*4)<j(<44). 

x 1 / A <d 0 <D dx d 2 
do |P 

It follows that 

(4.3) |Ti — 7T| < |S 1 | + |S 2 | + |S 3 |, 

where 

S 3 = E EE (44). 

,./4<4 0 <d 4, * cWld2 

dojP 
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First we estimate Si. By Mobius inversion, the inner sum over d\ and c?2 
in Si is equal to 

Q\ (do) 

dn ^ ^ 

(di,do)=l (d 2 ,do)=l 


^^4 E Kq ; 

dA All* A) ' 


sjM y. m^si Mioq? . 

do ' nZ 


(g,do)=l 


w) 2 . 

d 0 q 2 


It follows that 

(4.4) D= £ £ 

cio<3; 1//4 (g>«2o)=l 

The contribution from the terms with q > Do above is <C Dq 
substituting doq = d, we deduce that 

£1= £ ‘ >l(d) p d> A 1 (df + 0(D,j‘£ B - 

d<x 1 / 4 D 0 


Dq X C b . Thus, 


(4.5) 

where 


By the simple bounds 
(4.6) 

which follows from (3.3), 


r(d)= Y 

dqq=d 

d 0 <x 1 / 4 

q<D 0 


M(g)gl(g) 


q 


A^d) <£'°(log£) 

r(d) < ( log /:)- 6 


and 

(4.7) 


Y — <C £ fc o+ 1 / fc o-l 

x 1 / 4 <d<x 1 / 4 Do 

the contribution from the terms on the right side of (4.5) with x 1 / 4 < d < 
: 1/4 Z?o is o(C k ° +2l °). On the other hand, assuming \n(d)\ = 1 and noting that 


x 
(4.8) 

for d < x 1 / 4 we have 


q\d 


d*(d) = Md)- 1 + 0(r ko+1 (d)Do 1 ), 

so that, by (3.3), 

1 / D\ 2l ° 

d*(d)Ai(d) 2 = ^6 2 Md)hog-\ + 0{n to+1 (d)Do 1 C B ) +0(£ 2l °- 1+£ )- 
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Inserting this into (4.5) we obtain 
<«) * - 

Together with (3.5), this yields 

(4.10) |£i| < , ,f ? 1 ,. 9 6 (log D) ko+2l ° + o(C k ° +2l °), 

ko'-W-r 

where 

$! = (1 + 4 w)~ k °. 

Next we estimate £ 2 . Similar to (4.4), we have 


£s = E E 


do<x 1,/4 (9+0 )—1 

+>|+ <?l+ 


where 


.45(d) = E 

(r,d )=1 
r|+ 


d 0 q 2 
H(r)gi{r)g(dr) 


' I' 

In a way similar to the proof of (4.5), we deduce that 

(4.11) S 2 = £ ei{d) ^ {d) A\{d) 2 + 0(D^C B ^ 

d<x 1 / 4 D 0 

d\V 

Assume d\P. By Mobius inversion we have 

+(<0 = E E , {q) = ^ <nM Mdq) , 

(r,d )=1 r 9 |(ryP*) ^ 


g|P* 


r* = n p- 

D\<p<D 


where 

Noting that 

(4.12) 0i(g) = 1 + 0(H^ 1 ) if g|P* and q < D, 
by (3.3) we deduce that 

(4.13) WMisieWlogf) £ ^M + o(£‘»-'+. 

<7<D 

If g|iP* and q < D, then q has at most 292 prime factors. In addition, by the 
prime number theorem we have 

^2 - = log293 + 0(£ -A ). 

Di<p<DP 


(4.14) 
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It follows that 


£ < 1 + £ ((1 °g 293 ) fe o)^ + 0{C - A) = h + 0 ( £-A ); say . 

' ^ /O ^-■ / 7/1 


Inserting this into (4.13) we obtain 

MiMI < 06<M<o(log§) + 0(£'»- 1+ '). 

Combining this with (4.11), in a way similar to the proof of (4.9) we deduce 
that 

1*1 s f+<* W 

Together with (3.5), this yields 

(4.15) |£ 2 | < 6 (log D) ko+2l ° + o{C k0+2l °). 


(4.16) 


where 


>) |S 2 | < fco , ( 1 |o 2 , ) 2 6 (log£>) fco+2io + o(C k0+2l °). 

We now turn to £ 3 . In a way similar to the proof of (4.5), we deduce that 
o ^ Qi(d)tf{d) . . 2 


s 3 = E — 

x 1 / 4 <d<D 

m= 

doq=d 

x 1 / 4 <do 

do{P 


-AM* 


v(q)si(q) 


By (4.6) and (4.7), we find that the contribution from the terms with x 1 / 4 < 
d < x 1 / 4 Do hi (4.16) is o(£ ko+2l °). 

Now assume that x 1 / a Dq < d < D, \n(d)\ = 1 and d\V. Noting that the 
conditions do\d and x 1 / 4 < do together imply do t by (4.8) we obtain 

m= E t ^^ = Mdr' + o(T H+ M)D„ l ). 

d 0 q=d " 

x 1 / 4 <do 

Together with (3.3), this yields 

1 / n\ 2i ° 

mAM 2 = -e^Mhog-j +O(r k0+1 (d)D^C B ) + O(C 2l °- 1+£ ). 

Combining these results with (4.16) we obtain 


<4 - 17 > - (W e2 


E gi( rf )A(l) { tog °) 2 '“ + o( £fa+g.). 


x 1 / i D 0 <d<D 

d\P 
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By (4.12), (4.14) and (3.5) we have 
yy gl(<j)'di(d) < y 
x 1 / 4 <d<D ^ d<j 


< yy gl(d)di((j) y-v ^ 
d<D ^ p|(d,-p*) 


< y> gjXg^Mg) y- gi(d)i?i(d) 

^ r) ' (j 

D!<p<D 1 d<D/p 

< {l ^ 93 ^ 6-\logD) k °+o(C k °). 

Together with (4.17), this yields 

(4.18) |S 3 | < (fc ( Q l0 ! 1)^)2 6 (l°g^) fc0+2; ° + o(C ko+2l °). 

1 _ 1 /ko + 2 Z 0 \ / 2l 0 \ 

k 0 '.(l 0 !) 2 (k 0 + 2l 0 )\\ k 0 )\l 0 )' 

it follows from (4.3), (4.10), (4.15) and (4.18) that 


(4.19) 

where 


ITi-rn < 




Ki = 5i(l + S 2 + (log 293 )k 0 )^° 


Together with (3.1), this implies that 

Combining this with (4.1), we deduce that 

<4 ' 20) 5 Cl 0 ) ex(logD) ‘ ! " +2 '" +0( " £ ‘" +2 '" ) - 

We conclude this section by giving an upper bound for k\. By the in¬ 
equality 

n\ > (2v m) 1/2 n n e- n 
and simple computation, we have 

l + + (log293)fc 0 < 2 ^^ l0g293 ^ fc °^ 1 - 1 <ii!Kinm584 


< 2 ^< 185100)t 


ko J (2Zq)! \/l807r 
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It follows that 

293 

log K\ < -3500000 log — + 584 log(185100) + 360 log(26500) < -1200. 
292 

This gives 

(4.21) k i < exp{ —1200}. 


5. Lower bound for S 2 


Recall that S 2 is given by (2.2). The aim of this section is to establish a 
lower bound for S 2 on assuming Theorem 2 (see (5.6) below), which together 
with (4.20) leads to (2.3). 

We have 


(5.1) S 2 = E E 0( n )K n ~ h i) 2 + 0(x £ ). 

l<i<k 0 n~x 

Assume that 1 < i < k$. Changing the order of summation we obtain 


E e ( n )Kn ~ hi f = E E h(di)g(di)p(d2)g(d 2 ) E 

n ~x di\V d 2 \P 


Q(n). 


n~x 

P(n-hi)=0([di ,d 2 ]) 


Now assume \p(d)\ = 1. To handle the innermost sum we first note that the 
condition 

P(n — hi) = 0 (mod d) and (n, d) = 1 

is equivalent to n = c(rnod d) for some c G Ci(d). Further, for any p. the 
quantity \Ci(p)\ is equal to the number of distinct residue classes (modp) oc¬ 
cupied by the hi — hj with hj ^ /q(modp), so \Ci(p)\ = u p — 1. This implies 
\C t (d)\ = g 2 (d) by Lemma 5. Thus the innermost sum above is equal to 


E 


E 0 ( n ) 


c&Ci([di,d 2 \) 


n~x 

n =c([di,d 2 ]) 


92 ( [di , d 2 \) 
<p([di,d 2 ]) 


E 0 ( n ) + E [di,d 2 \,c). 

n~x ceCi([di,d 2 ]) 


Since the number of the pairs {dpd 2 } such that [d\, d 2 ] = d is equal to 73 (d), 
it follows that 


(5.2) 

where 


E 0(n)X(n - hi ) 2 =T 2 J2 d ( n ) + °( £ i 


■~r sp' sp' h{di)g{di)p{d2)g{d2) n n 

r 2 = E E - .-7U7 Jii - 02 ([dl,d 2 \) 


di\V d 2 \V 

which is independent of i. and 


<p([di,d 2 ]) 


8i = E T s{d) 62 (d) E l A (M,c)l- 


d<D 2 


c€Ci(d) 
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By Cauchy’s inequality and Theorem 2 we have 

(5.3) Si <C xC~ A . 

It follows from (5.1)—(5.3) and the prime number theorem that 

(5.4) S 2 = k 0 T 2 x + O{xC~ A ). 


Similar to (4.2), we may rewrite 7) as 


= E E E 

d 0 \V <h\p d 2 \P 


^{d\d 2 )Q 2 {dod\d 2 ) 
< p(d 0 did 2 ) 


g{dodi)g(d 0 d 2 ). 


In a way much similar to the proof of (4.19), from the second assertions of 
Lemmas 2 and 3 we deduce that 

<5 - 5 »^ ™ 1 + Di ( 2 /: + + i 2 ) 6(i ° g p)to+2,o+i+<,(£t,+2,o+i> ' 

where 

k 2 = <5i(l + 4w)(l + 8l + (log293)fc 0 ) ^ 2 |° 1 + 1 

Together with (3.2), this implies that 


75 * (»12,r + D! (t° + + i 2 ) 6(i ° g p>t ° +2,,+i+ ° (ct ° +w) - 

Combining this with (5.4), we deduce that 

(5 - 6) &£ +g ( 2 /o°+1 2 ) 6i(iogD)t ° +2, ° + ‘ + °< i£t,+2, ° +i )- 


We are now in a position to prove Theorem 1 on assuming Theorem 2. 
By (4.20), (5.6) and the relation 


£ 


4 

1 + 4tZ7 


log D. 


we have 


(5.7) S 2 - (log 3x)S\ > w©x(log D) ko+2lo+1 + o(x£ ko+2lo+1 ), 
where 

fc 0 (l - /c 2 ) /2/ 0 + 2\ 4(1 +/ci) /2Z 0 \ 

(ko + 2/o + 1)! \ + 1 / (1 + (ko + 21q)\ \Iq ) 

which may be rewritten as 

1 /2Z 0 \ / 2(2Zq + 1) fc 0 (l - k 2 ) 4(1 + /ci) \ 

(k 0 + 2Zq)! \ / \ ^o + l fco + 21q + 1 1 + 4w J 


k 2 k 0 (ko + 21q + 1)(1 + 4w) 
Ki (2/q + 1) (2Zq + 2 ) 


Note that 
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Thus, by (4.21), both of the constants and k 2 are extremely small. It follows 
by simple computation that 

(5.8) u > 0. 

Finally, from (5.7) and (5.8) we deduce (2.3), whence Theorem 1 follows. 

Remark. The bounds (4.19) and (5.5) are crude and there may be some 
ways to improve them considerably. It is even possible to evaluate 71 and 72 
directly. Thus one might be able to show that (2.3) holds with a considerably 
smaller /cq . 


6. Combinatorial arguments 

The rest of this paper is devoted to proving Theorem 2. In this and the 
next six sections we assume that 1 < i < ko- Write 

D 2 = x l / 2 ~ e . 

On the left side of (2.12), the contribution from the terms with d < D 2 is 
<C xC~ A by the Bombieri-Vinogradov Theorem. Recalling that D\ and Vq are 
given by (2.9) and (2.10) respectively, by trivial estimation, for D 2 < d < D 2 
we may also impose the constraint (d,V o) < D\ and replace 6(n) by A(n). 
Thus Theorem 2 follows from the following: 

( 6 . 1 ) X |A(A;d,c)| < xC~ A . 

D 2 <d<D 2 ceCi(d) 
d\P 

(d,P 0 )<U>i 

The aim of this section is to reduce the proof of (6.1) to showing that 

( 6 . 2 ) X! l A ( 7 ;d,c)| < xC~ ilA 

D 2 <d<D 2 ceCi(d) 
d[P 

{d,V 0 )<D 1 

for 7 being of Type I, II or III. 

Let L be given by L(n ) = logn. By Lemma 6 , for n ~ x we have A(n) = 
Ai(n), where 

10 /io\ 

Ai = V'(-l)- 7 ~ 1 ( . ) V' inxMj)*-■ ■ -*(Lx Nl ). 

j =1 V 7 / 

Here Mj ,..., M \, Nj ,..., N\ > 1 run over the powers of rj satisfying 

(6.3) M t < x 1/l °, 

(6.4) [Mj ... MiNj ... Nurf^Mj ... M 1 Nj .. . W) n [x, 2x) + j>. 
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Let A 2 have the same expression as Ai but with the constraint (6.4) replaced 
by 

(6.5) [Mj ... M\Nj ... Nurf^Mj ... M\Nj ... N{) C [x, 2x). 

Since Ai—A 2 is supported on [ i]~ 20 x, ?/ 20 rc]U[2?^ 20 a;, 2if°x] and (Ai—A 2 )(n) <C 
T- 2 o(n)£, by Lemma 8 we have 

Y Y l A ( A i - A 2 ;d,c)| < x£~ A . 

D 2 <d<D 2 ceCi{d) 
d\P 

(d,Vo)<D 1 

Further, let 

10 /io\ 

( 6 . 6 ) A 3 = ^(- 1) j - 1 . ) (log AT X ) 

X Y iVHMj) * • • • * (/i^Mi) * (xNj) * • • • * (Xjvj, 

with Mj, ...,Mi, Nj,... ,Ni satisfying (6.3) and (6.5). Since (A 2 — A 3 )(n) <C 
T 2 o{n)£~ 2A , by Lemma 8 we have 

l A (A 2 - A 3 ;d,c)| < xC~ A . 

D 2 <d<D 2 c£Ci{d) 
d\V 

(d,Vo)<D! 

Now assume that 1 < j' < j < 10. Let 7 be of the form 


7 = (log Nji ) ) * • • • * (/^Mi) * {xNj) * ■ ■ ■ * (>LVi), 

with Mj, ..., Mi, Nj, ... ,N\ satisfying (6.3) and (6.5), and Nj < ■ ■ ■ < N±. 
We claim that either the estimate 

T 1 —■cj+e 

(6.7) A( 7 ; d, c) <--— 

trivially holds for d < D 2 and (c, d) = 1, or 7 is of Type I, II or III. 

Write Mt = x ^ and Nt = x Vt . We have 

1 log 2 

0 A A Yq 5 0 < < u\ , 1 A Mi T''' T Mi T Vj + • • • + i'i < 1 4—^— • 

In the case 3/8 + 8 ti 7 < i'i < 1/2, 7 is of Type I or II by choosing f3 = Xjv r ; 
in the case 1/2 < 17 < 1/2 + 3 w , 7 is of Type II by choosing a = Xjv,; in the 
case 1/2 + 2>w < 17 , the estimate (6.7) trivially holds. 

Since 17 > 2/5 if j = 1 , 2 , it remains to deal with the case 

3 

j > 3, i'i < - + 8 ro. 

O 

Write 

v* = /ij + • • • + Hi + Vj + • • • + 1S4. 
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(The partial sum Vj + - ■ - + v. 4 is void if j = 3.) In the case v* + < 3/8 + 8m, 

7 is obviously of Type III. Further, if v* has a partial sum, say 1/ , satisfying 

3 5 

- + 8m < u' + pi < - - 8m, 

O O 


then 7 is of Type I or II. For example, if 

3 „ 1 

- + 8m < [ij + • • • + /ii + Pi < —, 
o 2 

we choose /3 = (fJLXMj) * ■ ■ ■ * * (>7Vi); if 

1 5 0 

x < Hj -\ -I- m + pi < - — 8m , 

Z o 

we choose a = * • • • * (/tx^i) * (xni)- 

It now suffices to assume that 

( 6 . 8 ) u* + v 1 > - — 8m, 

8 

and every partial sum v' of u* satisfies either 

3 5 

u' + pi < —|- 8m or v' + > - 8m. 

8 8 


Let be the smallest partial sum of v* such that v\ + u\ > 5/8 — 8 m (the 
existence of follows from ( 6 . 8 ), and there may be more than one choice of 
u [), and let z> be a positive term in is[. Since — v is also a partial sum of v *, 
we must have 

u[ — v + u\ < 3/8 + 8m, 


so that 


1 

v > - — 16m. 
~ 4 


This implies that v must be one of the ut, t > 4 (that arises only if j >4). In 
particular, we have P 4 > 1/4 — 16 m. Now, the conditions 


1 

— — 16 m < U 4 < 1 S 3 < U 2 < Z 7 , 
together imply that 


U4 + P3 + U2 + V\ < 1 + 


log 2 
£ 


1 1 log 2 

--32w<u 3 + u t <- + —. 

It follows that 7 is of Type I or II by choosing (3 = >tv 3 * xn 4 ■ 

It should be remarked, by the Siegel-Walfisz theorem, that for all the 
choices of /3 above, the Siegel-Walfisz assumption in (A 2 ) holds. Noting that 
the sum in ( 6 . 6 ) contains O(£ 40j4 ) terms, by the above discussion we conclude 
that ( 6 . 2 ) implies ( 6 . 1 ). 
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7. The dispersion method 


In this and the next three sections we treat the Type I and II estimates 
simultaneously via the methods in [5] and [1, §§3-7]. We henceforth assume 
that 7 = a * /3 satisfies (Ai), (A 2 ) and (A 3 ). Recall that 27 and 27 are given 
by (2.13). We shall apply Lemma 4 with 

(7.1) R* = x~ £ N 
if 7 is of Type I (.17 < N < 27 ), and 

(7.2) R* = x~ 3td N 
if 7 is of Type II (27 < N < 2a; 1 / 2 ). 

Note that D\ < R* < L> 2 - By Lemma 4 and Lemma 5, the proof of (6.2) 
is reduced to showing that 


EZ M r )l E E E | A(7; r, o; q, b) 

R*/D\<r<R* a£Ci(r) D2/r<q<D 2 /r beCi(q) 

q\r 

(q,rVo)=l 

where, for \n(qr)\ = (a,?’) = (b,q) = 1, 

A( 7 ;r,a;g,&) = ^ EZ 7(") 


<C xC 


-41A 


n=a(r) 

n=b(q) 


(n,qr )=1 


a&Ci(r) q~Q beCi(q) 
q\V 

(ij,rPo)=l 


x~ w R* < R < R* 


It therefore suffices to prove that 

(7-3) 

B(r,Q,R) := K r )l J2 J2 J2 \ A (r,r,a-q,b)\ < xC~ A3A , 

r~R 

subject to the conditions 

(7.4) 
and 

(7.5) 


^x 1/2 " £ <QR< x 1/2+2ro , 


which are henceforth assumed. 

For notational simplicity, in some expressions the subscript i will be omit¬ 
ted even though they depend on it. In what follows we assume that 

(7.6) r~R, \n(r)\ = l, a € C*(r). 

Let c(r, a; q, b) be given by 

c(r, a; q, b) = sgn A(y; r, a; q, b) 
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if 

and 


q~Q, q[P, (q, rV o) = 1, be Ci(q), 


c(r, a; q, b) = 0 otherwise. 

Changing the order of summation we obtain 

Y Y \ A (r,r,a-,q,b ) = ^ a(7n)V(r,a-,m), 

(m,r )=1 


9~<3 beCi(q) 
q\V 

{q,rV o)=l 


where 


P(r,a;m) = JZ YMa]q,b)( E ^( n ) “ 5Z 00 


(g,m) = l 6 


mnEa(r) 

mn=b(q) 


n 


(n,<?r)=l 


It follows by Cauchy’s inequality that 

(7.7) 0 ( 7 ;Q,^) 2 «Mi?£ B ^| / r(r)| £ £ /(m)Z>(r, a; m) 2 , 

adCi(r) (m,r)=1 

where f[y) is as in Lemma 7 with 77 * = ?y 19 . We have 

(7.8) ^Z f(m)V{r, a -,m) 2 = Si(r,a) - 2<S 2 (r,a) + <S 3 (r,a), 

(m,r)=l 

where (r, a), j = 1 , 2 ,3 are defined by 


5 i(r,o)= /( m )( 5Z YM a ',q, b ) 5Z 

(m,r)=l ' (q,m)=l b mn=a(r) 

mn=b(q) 

c(r,a;qi,bi)c(r,a-,q 2 ,b 2 ) 


Mr, a) = YYYY 

<7i fei 92 b2 




5 Z 5 Z / 3 (m)/ 3 (n 2 ) JZ /( m )> 


n i (n2,92r) = l 


mni=a(r) 
mni=bi(qi) 
(m,q 2)=1 


c(r,a;qi,fei)c(r, a;q 2 ,& 2 ) 
(^(gir)^(g 2 r) 


5 3(r,a) = 5ZIZ 5Z 5Z 

<?1 fei 92 62 

x 5Z 5Z /5( n i)^(n 2 ) JZ /( m ) 

(m,<jir) = l (n 2 , 92 r)=l (m,gig 2 r)=l 


By (7.7) and (7.8), the proof of (7.3) is reduced to showing that 

(7.9) EE(* (r, a) - 2<S 2 (r, a) + S 3 (r, a)) <C xNR 1 C SlA 

r a 

on assuming A > B. Here we have omitted the constraints given in (7.6) for 
notational simplicity, so they have to be remembered in the sequel. 
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8 . Evaluation of 5 3 (r, a) 

In this section we evaluate Ss(r,a). We shall make frequent use of the 
trivial bound 

(8.1) f(z) « M. 


By Mobius inversion and Lemma 7, for qj ~ Q, j = 1,2 we have 


( 8 . 2 ) 


This yields 


E /W = ^l/(0) + O(x* 

, , qiq2r 

(m,qiq 2 r)=l 


c 1 \ 'W 'W 'W c ( r ’ a 5 9 i, bi)c(r, a; g 2 , 62) ¥>(9192) 

5,3(r, a = /(0 2^ E E E- ( \ f \ f \ - 

x X! E / 3 (ni)/ 3 (n 2 ) + 0 (x £ N 2 R~ 2 ). 

(m,<2ir)=l (ra 2 ,9 2 r)=l 

In view of (2.10), if (9192,^0) = 1, then either (qi,q 2 ) = 1 or (qi,q 2 ) > D 0 . 
Thus, on the right side above, the contribution from the terms with (q\. q 2 ) > 1 
is, by (8.1) and trivial estimation, 

< xND q 1 R~ 2 C B . 

It follows that 

(8.3) «S 3 (r, a) = f(0)X(r, a) + 0 {xNDq 1 R~ 2 C b ), 

where 

^,o) = EE 

41 61 (92,91)=! 

c(r,a-qi,bi)c(r,a;q 2 ,b 2 ) 


E 

b2 


qiq 2 rip(r) 


E E P(m)P(n 2 ). 

(ni,qir)=l (n 2 , 92 r-)=l 


9. Evaluation of S 2 {r,a ) 

The aim of this section is to show that 

(9.1) S 2 (r, a) = f(0)X(r, a) + 0(xNDq 1 R~ 2 C b ). 

Assume c(r, a; qi, 61 )c(r, a; q 2 , b 2 ) / 0. Let ^(mod q\r) be a common solu¬ 
tion to 

z/ = a(modr), v = 61 (mod q\). 

Substituting mn\ = n and applying Lemma 8 we obtain 

rC B 

E/?M E /( m ) < E r 2 o(n) < — 

n i mni=a(r) n< 2x 9l^~ 

mm =61(91) n=u(qir) 

(m,9 2 )=l 
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It follows that the contribution from the terms with (< 71 ,( 72 ) > 1 in ^(r, a) is 


< xNDq'R- 2 C b , 


so that, 

(9.2) 


S 2 (r,a) = Y,Y, E E 

9i &i ( 92 ,gi)=l b 2 


c(r,g;g 1 ,ft 1 )c(r,a;g2,fc2) 

^(®r) 


E E /3(m)/3(n 2 ) E /H + O^IVDo 1 ^- 2 /: 5 ' 


n i (n 2 ,<? 2 r)=l 


mni=a(r) 
mni=b 1 (qi) 
(m,q 2 )=1 


Note that the innermost sum in (9.2) is void unless (ni, gpr) = 1. For \li(qiq 2 r)\ 
= 1 and ( 92 ,^ 0 ) = 1 we have 

and, by Lemma 8, 

T2o(Q2)xC b 


E ^( n i) E /M < E r2 o( n ) < 


(ni,gir)=l mni=a(r) 

mn 1 =b 1 (q 1 ) 
(m,q 2 )> 1 


11 < 2x 
n=v(qir) 
(n,q 2 )> 1 


qirD 0 


Thus the relation (9.2) remains valid if the constraint (m, ( 72 ) = 1 in the in¬ 
nermost sum is removed and the denominator ip(q 2 r) is replaced by q 2 q>{^r). 
Namely we have 

(9.3) 

c(r,a;q 1 ,bi)c(r,a;q 2 ,b 2 ) 


5 2 (r,g) = EE E E 

91 bl (q 2 ,qi)=l 


Q 2 <p(r) 


xE E E f(m) + 0(xND^R- 2 C B ). 


n i (n 2 ,q 2 r)=l 

By Lemma 7, for (m, < 7 ir) = 1 we have 


mn\=a{r) 

mn 1 =b 1 (qi) 


E /M = — E f( — \qA~h^) + 0{x 2 ), 


mni=a(r) 

mni=bi(qi) 


where 

H 2 = 4QRM~ 1+2£ , 

and //(modgir) is a common solution to 

(9.4) 7 ml = g(modr), 


7 m 1 = 61 (mod qi). 
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Inserting this into (9.3) we deduce that 

(9.5) S 2 (r,a ) = f(0)X(r, a) + H 2 {r, a) + 0 (xNDq 1 R~ 2 C b ), 

where 

%M) = EE E E c(r ' a;i, !i^: :g2 ' t2l ( E PM 


91 i>l (<?2 ,<?1 ) = 1 &2 


H /3(ni) ^ )e gir (-M- 


gig2^(r) 
: (- 


(n 2 ,(j2r 1 )=l 


(ni,gir)=l 1<|/)|<J?2 

The proof of (9.1) is now reduced to estimating 1Z 2 (r,a). First we note 
that the second inequality in (7.5) implies 

(9.6) H 2 < x -V 2 + 2 ®+ 2 £iV < 2x 2 ' w+2e 

since M _1 -C x~ 1 N. (Here and in what follows, we use the second inequality 
in (7.5) only.) This implies that lZ 2 (r,a) = 0 if 7 is of Type I. 

Now assume that 7 is of of Type II. Noting that 

/j _ aq\ ri\ b\rn\ 


q\r r 


+ 


qi 


(mod 1 ) 


by (9.4), we have 

(9.7) lZ 2 (r,a) <C N 1+£ R~ 2 ^ \K*(r,a-,n)\, 


n~N 
(n,r )=1 


where 


TZ*(r,a;n) — Y Y V \ 

„7-, V 9 ,.|7 h. Vpv V r 9 / 


To estimate the sum of \1Z*(r, a; n)| we observe that 

c(r,a-q,b)c(r, a;g',b') 
qq' 


\lZ*(r, a; n)\ 2 = ^ J2 J2 J2 

(q,n )=1 b (q',n)=l b 1 


(a(h'q r — hq)n bhrn b’h'rn 

Jf<*'WWV—-T + — 

It follows, by changing the order of summation and applying (8.1), that 

(9.8) 

l c ( r , <?, b)c(r,a; q', 6')| 


m- 2 53 l»k“;”)i ! «EEEE 

9 b q' b' 


n~N 
(n,r )=1 


99 


X] |W(r,a;g,6;g / ,6 / ;/i,/i, / )l> 

l<Jft|<H 2 l<|/l'|</f2 


x 
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where 


, , , ,a(h'q' -hq)n bhrn b'h'rn 

W(r,a;q,b-q ,b;h,h) = ^ e[ -b 


n~N 

(n,qq'r )=1 


q q 


Since M '<JV 1 , by the second inequality in (7.4) and (7.2) we have 

(9.9) H 2 Q~ 1 < x~ 3tu+£ . 

It follows that, on the right side of (9.8), the contribution from the terms with 
h'q = hq 1 is 

(9.10) < NQ~ 2 E E r(hq) < x~ 3 ™ +£ N. 

\<h<H 2 q<2Q 

Now assume that c(r, a; q,b)c(r, a] q',b') / 0, 1 < \h\ < iL 2 , 1 < \h'\ < H 2 
and h’q / hq'. Letting d = [q, q']r , we have 

a(h'q' — hq) bhf b'hf c , 

- A — - ---+ — = - (mod 1 

r q q' d 

for some c with 

(c,r) = ( h'q' - hq,r). 

It follows by the estimate (3.13) that 


(9.11) 


W(r, a; q , 6; </, 6'; h, h') <C d 1 / 24-6 + EEE 


Since IV > x 2 , by the first inequality in (7.4), (7.2) and (2.13) we have 

(9.12) iT 1 < x^N” 1 < x~ l/2+3w . 

Together with (7.5), this implies that 

(9.13) Q <C x 10ro . 

By (9.13) and (7.5) we have 

d 1/2 < (Q 2 R) 1/2 < ,t 1/4+6ot . 

On the other hand, noting that 

h'q' — hq = ( h'q — hq')qq' (mod r), 

we have 


(9.14) (c, d) < ( c,r)[q,q'} < [g,g']iL 2 Q. 

Together with (9.6), (9.12) and (9.13), this yields 

^ d } N < H^NQR- 1 < x lfo7+£ . 
d 

Combining these estimates with (9.11) we deduce that 
W(r, a; q, b; q', 6'; h, h') < x 1/4+7ro 
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Together with (9.6), this implies that, on the right side of (9.8), the contribu¬ 
tion from the terms with h!q ^ hq' is <C x 1,/4+12ct , which is sharper than the 
right side of (9.10). Combining these estimates with (9.8) we conclude that 

Y I n*{r, a; n )| 2 < x^^M. 

n~N 

(n,r)=l 

This yields, by Cauchy’s inequality, 

Y |^(r,«;n)|«^" to/2+E . 

n~N 
(n,r)=1 

Inserting this into (9.7) we obtain 

(9.15) 77 2 (r, a) < x l ~ w NRT 2 , 

which is sharper than the O term in (9.5). 

The relation (9.1) follows from (9.5) and (9.15) immediately. 

10. A truncation of the sum of <Si(r, a) 

We are unable to evaluate each Si(r,a) directly. However, we shall estab¬ 
lish a relation of the form 

(10.1) EE%-“) = EE (/(0)A(r, a) + K^r, a)) + 0{xN R~ l C~* 7A ) 

r a r a 

with 1Z\ (r, a) to be specified below in (10.10). In view of (8.3) and (9.1), the 
proof of (7.9) will be reduced to estimating 77i(r, a). 

By definition we have 

(10.2) S\(r,a) = EEEE c(r,a;q u b 1 )c(r,a-,q 2 ,b 2 ) 

<?i 6i 92 b 2 

x E E E /M- 

n l ii 2 =ni(r) mni=a(r ) 

mn 1 =b 1 (q 1 ) 
mri2=b2(q2) 

Let U(r,a;qo) denote the sum of the terms in (10.2) with (q \, q^) = qo- 
Clearly we have U(r, a; q o) = 0 unless 

qo<2Q, q 0 \V, (qo,rV o) = 1, 

which are henceforth assumed. We first claim that 

(!0.3) E E E U ( r ’ 9o) « xN(D Q R)- l C B . 

r a q 0 >l 

Assume that, for j = 1,2, 

qj ~ Q, qj\P , (qj,rV o) = 1 , e C^qj) 
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and (gi,g 2 ) = go- Write q[ = qi/qo, q '2 = < 72 / 1 / 0 • By Lemma 5, there exist 
ti,t 2 G Ci(qo ), b\ E Ci(q [) and b 2 E Ci(q 2 ) such that 

bj = L,(mod go); bj = 6'-(mod g'). 

Note that the conditions mn\ = H (mod go) and mn 2 = t 2 (mod go) together 
imply that 

(10.4) t 2 ni = tin 2 (modgo). 

Thus the innermost sum in (10.2) is void if (10.4) fails to hold for any t\,t 2 E 
Cj(go). On the other hand, if (10.4) holds for some ti,t 2 G Cj(go), the innermost 
sum in (10.2) may be rewritten as 

E f(m), 

mn\=a\(q§r) 
mm =&)(?)) 
mn 2 =b' 2 (q' 2 ) 

where ai(modgor) is a common solution to ai = a(rnodr) and a\ = f 1 (mod 
go). Hence, changing the order of summation we obtain 

EE c(r,a;gi,6i)c(r,a;g 2 ,6 2 ) E E P(ni)P{n 2 ) E /M 

b 1 f >2 n i ri 2 =m(r) mn\=a(r ) 

mm=bi(q 1 ) 
mn2=b2(q2) 

< E EE E |/?(ni)/3(n 2 )| 

iieCi(go) i 2 SC;(go) ni n 2 =m(r) 

tW2=t2ni(qo) 

x E f( m )J (mni, q[)J (mn 2 , g 2 ), 

mniEai (go^) 

where 

J(n,q')= E L 

fe'eCd?') 

b’j^niq’) 

This yields, by summing over gi and g 2 with (gi,g 2 ) = go and changing the 
order of summation, 

(10.5) U(r,a\ g 0 ) <C ^ E E E |/?(ni)/5(n 2 )| 

DeCi(<?o) t 2 &Ci(qo) n i n 2 =m (r) 

tin, 2 =t 2 m(qo) 

x ^ f(m)X(mni)X(mn 2 ), 

mni=ai (qor) 


X{n) = E H^Ol^Or^)- 

q'^Q/qo 


where 
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We may assume that (n\,qor) = 1 , since the innermost sum in ( 10 . 5 ) is void 
otherwise. Let 02 (mod go?’) be a common solution to 02 = ai(modr) and 
<32 = £2 (mod go). In the case 

?32 = ni(mod r), tin?, = i2m(mod qo), 

the condition mn\ = ai(modgo?’) is equivalent to mn 2 = 02 (mod qor). Thus 
the innermost sum in ( 10 . 5 ) is 

< ^2 f{m)X{mn \) 2 + ^ f(m)X{mn2) 2 . 


mni=ai(qor) 


Since 


J(n,q') = 


mn 2 =a2(qor) 

1 if q'\P(n - hi), (q',n) = 1 , 

0 otherwise, 


it follows that 

( 10 . 6 ) 


X(n) < \h{q')\- 


q’\P(n-hi) 

(q',n)=l 


Assume that j = 1,2, 1 < p < fco and /17 - i. Write 


rii 


n jfi — 


h*„ = 


llj, hq 


{fij, hji hi) ^ (rij, hfj, hi) 

Noting that the conditions p\(mrij + /i /t — hi) and p \ rij together imply that 
pllmrij^ + hjp), by (10.6) we have 

X{mnj)< T(mn jfl + h* jti ) < ^ + /i*J feo_1 . 

1 </X<fc 0 1 </X<fe 0 

Since (n^, /?* M ) = (nj^, go?’) = 1 , it follows by Lemma 8 that 

— M C B 

f(m)X(mrin ) 2 <C-hx £//3 . 

Qor 

mrij=aj(qor) 

(Here the term x £ / 3 is necessary when go 7 ’ > x~ £ ^M.) Combining these esti¬ 
mates with ( 10 . 5 ), we deduce that 


. MC b 

U{r,a;q 0 ) <- \-x l 

\ Qor 


s/3 ) E iW"i)i 

' (ni,<jor)=l 


x Z 5Z Z i/3(n 2 )i- 

tieCi(qo) ?2SCi(<?o) H2=ni(r) 

tin2=t 2 n 1 (q 0 ) 

Using Lemma 8 again, we find that the innermost sum is 

NC b 


< 


Qor 


+ x 


e/3 
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It follows that 


U(r,a;q 0 ) < £2 (go) 


2 (xNC b . x l+£ ! 2 


V (go? 


+ 


+ x e N 1. 


1 ry qor 
This leads to (10.3), since NR _1 > x £ and 

NQR <C x l,2+2m N < x'-^NR” 1 

by (7.5), (7.1), (7.2) and the second inequality in (7.4). 

We now turn to U(r , a; 1). Assume |/x(gig 2 r)| = 1. In the case (m, q\r) = 
(n 2 ,q 2 r) = 1, the innermost sum in (10.2) is, by Lemma 7, equal to 

— 1 — 53 —') e 9 i 92 r(-lih) +0(x~ 2 ), 

^ 2r \h^ Hl VgigW 


— q/d 2 r? at~i+ 2£ 


where 

(10.7) Hi = 8 Q Z RM~ 
and /u(mod gig 2 r) is a common solution to 

(10.8) jin\ = a (mod r). /m\ = 6i(mod (/ 1 ), ^n 2 = & 2 (mod q 2 ). 

It follows that 

(10.9) U(r, a ; 1) = f(0)X*(r, a) + K x (r, a) + 0(1), 
where 

c(r, a; qi,bi)c(r, a; q 2 ,b 2 ) 


x *(r,a) = J2J2 53 53 

11 bi (q 2 ,q 1 ) = l b 2 


gig 2 r 


53 53 /3(??i)/3M 


(ni,(jir)=l n 2 =ni(r) 
(«2,52)=1 


and 

( 10 . 10 ) 

TT-i (r, a) = 53 53 53 53 

11 bi (g2,<?l) = l b 2 


c(r,a-qi,b 1 )c(r,a;q 2 ,b 2 ) 


qiQ2r 


53 53 P(ni)/3(n 2 ) 53 f 


(ni ,qir)=l n 2 =ni(r) 
(n 2 ,q 2 )=l 


l<\h\<H 


qiQ2r 


e qiq2r{ fih). 


By (10.2), (10.3) and (10.9) we conclude that 

5353 5 i(r,a) = 5353 (/(0)X*(r, a) + 77-1 (r, a)) + O^N^RT'C 3 ). 

r a r a 

In view of (8.1), the proof of (10.1) is now reduced to showing that 

(10.11) 53 53^*( r >°) - x ( r - «)) < n 2 r~ i c~* 7A . 
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We have 


X*(r,a)-X(r,a) = J2J2 

91 &i 


E 

( 92 , 91 )=! 


E 


c(r,a-,q 1 ,b 1 )c(r,a-,q 2 ,b 2 ) 

qiq 2 r 


V(r;q!,q 2 ), 


with 


V(r;qi,q 2 ) = J2 J2 /3(ni)/3(rj 2 ) 

(m,5ir)=l n 2 =m(r) 

( 112 , 92 )=! 

E E 


<p(r) 


(ni,qir)=l (112,921’)=! 


which is independent of a. It follows that 

( 10 . 12 ) 

EE A' (7.») - V(r,«))« i E E „ 

7- a 9i~Q 92~Q r~R 

(t-,9i 92 )=! 

Noting that 


E 82 {r)\V(r-q 1 ,q 2 )\. 


V(r;gi,g 2 )= E *( E ^ E 0( 


/ mod r ' n=l(r) 

(71,91)=! 


n 


(ti,9i7’)=1 


1 


x 1 E ^( n ) - Ewy E W 

n=l(r) ' (n,q2r)=l 

(71,92)=! 


by Cauchy’s inequality, the condition (A 2 ) and Lemma 10, we find that the 
innermost sum in (10.12) is 

« T( qi q 2 ) B N 2 £- 100A , 


whence (10.11) follows. 

A combination of (8.3), (9.1) and (10.1) leads to 

(10.13) 

EE ( 5 i (r.a) - 2 S 2 (r,a) + <S 3 (r, a)) = ^ ^7£i(r, a) + Q(xNR l C 8lA ). 

r a r a 

Note that 

M aqiq 2 m biq 2 rni b 2 q 1 rn 2 

-=-1-1-(mod 1) 

q x q 2 r r qi q 2 

by (10.8). Hence, on substituting n 2 = n\ + kr, we may rewrite (r,a) as 

(10.14) TZi(r,a) = - ^ TZi(r,a;k), 

r \k\<N/R 
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where 


n 1 (r,a ] k)=yy y y <W/i,Wr,a; g2 ,& 2 ) y f 

* (92 ^)=i ir qiq 2 i<w<hi 

y (3(n)(3(n + kr)e(-h£(r, a; qi,br,q 2 , b 2 ;n , k)) 


91 


— ) 


(■ n,qir)=l 
(n+kr,q 2 )=1 


with 


£(r,a;k;qi,bi;q 2 ,b 2 ;n) 


agiggn biq 2 rn 
r gi 


b 2 q\r(n + kr) 
Q2 


Recall that, in the Type I and II cases, we have reduced the proof of (6.2) 
to proving (7.9) at the end of Section 7. Now, by (10.13) and (10.14), the proof 
of (7.9) is in turn reduced to showing that 


TZi (r, a; k ) <C xC 88 ' 4 


for | k | < iVi? h In fact, we shall prove the sharper bound 
(10.15) TZ\ (r, a; fc) <C x 1_tI7 / 2 


in the next two sections. 

We conclude this section by showing that the gap between (10.15) and 
some trivial bounds is not too large. It trivially follows from (8.1) that 

7£i(r, a; k) <C x 1+£ H\. 

On the other hand, in view of (2.13), since 

H\ < x £ {QR) 2 {MN)~ l NR~ 1 


and, by the hrst inequality in (7.4), (7.1) and (7.2), 


(10.16) 


NR- 1 < 


j*ZU-\-£ 

x 4ro 


if x\ < N < x 2 , 
if x 2 < N < 2x 4 / 2 , 


it follows from (7.5) that 


(10.17) 


Hi < 


„ 5 ro + 2 e 




if xi < N < x 2 , 
if x 2 < N < 2.x 1 / 2 . 


Thus, in order to prove (10.15), we need only to save a small power of x from 
the trivial estimate. 

The bounds (10.16) and (10.17) will find application in the next two sec¬ 
tions. 
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11. Estimation of 1Z\ (r,a;k): The Type I case 

In this and the next sections we assume that \k\ < NR _1 , and we abbre¬ 
viate 

Hi, c(qi,bi), c(q 2 ,b- 2 ) and £(gi, h; q 2 , b 2 \ n) 
for 

Hi(r,a;k), c(r,a;qi,bi), c(r,a;q 2 ,b 2 ) and £(r, a,k;qi,bi;q 2 ,b 2 ;n) 


respectively, with the aim of proving (10.15). The variables r, a and k may also 
be omitted somewhere else for notational simplicity. The proof is somewhat 
analogous to the estimation of lZ 2 (r,a) in Section 9; the main tool we need is 
Lemma 11. 

Assume that x\ < N < x 2 and R* is as in (7.1). We have 


(li.i) fti«jV e EE lc(gl,&l)1 E l^(9i A; n)|, 

IT It <h n~lV 

(n,qir)=l 

where 


J 7 (q 1 ,b 1 ;n) 


E E 

l<\h\<Hi (q 2 ,qi(n+kr))=l 


X 


E 


c{q2,b 2 ) J h 
f/2 J \qiq2r 


e(-h€(qi,b 1 ;q 2 ,b 2 -,n)). 


In what follows assume c(qi,b\) / 0. To estimate the sum of \F(qi,b\\n)\ we 
observe that, similar to (9.8), 


( 11 . 2 ) 

at' 2 E l^(ft,&i;n)l 2 

n~N 
( n,qir)=l 


« E E EE 

(«2,3l)=l (?2’5l) = 1 b 2 &2 


c(g2,fe2)c(g2,^ 2 )l 

q2q 2 


x E E |C/(/i, /i , ;gi,6i,g 2 ,&2;g2^ , 2)l> 

i<|/i|<Hi i<|h'|<j?i 


where 


G(h, h!\ qi,bi,q 2 ,b 2 -,q' 2 , b' 2 ) 

= E e(ti£(qi,bi;q' 2 ,b' 2 ;n) - h£(qi,bi‘, q 2 ,b 2 ] n)). 

n~N 

(n,qir)=l 

(n+kr,q 2 q' 2 )=l 

The condition N < x 2 is essential for bounding the terms with h'q 2 = hq 2 
in (11.2). By (7.5) we have 

HiQ~ l < x £ (QR)(MN)~ 1 N < x~ 2 ™ +£ . 
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It follows that, on the right side of (11.2), the contribution from the terms 
with h'q 2 = hq 2 is 

(11.3) <C NQ~ 2 Y. E < x ~ 2 ™ +£n - 

l<h<Hi q~Q 

Now assume that c(q 2 1 b 2 )c(q 2 ,b 2 ) / 0, (q 2 Q 2 iQi) = 1 and h'q 2 / hq 2 . We 


have 


ti£{qi,br,q' 2 ,b 2 ;n) - h^(q u bi-,q 2 ,b 2 -,n) 
_ ( h'q 2 - hq 2 )acRn 


+ 


(h'q 2 — hq 2 )bim h'b' 2 q\r{n + kr ) hb 2 qir(n + kr) 


Qi 


Q2 


Q2 


(mod 1). 


Letting di = q\r and d 2 = [ q 2 , q 2 \, we may write 


(h'q' 2 - hq 2 )aqi + (. h'q' 2 - hq 2 )b 1 r = cj_ d ^ 
r qi di 


for some ci with 
and 


(ci,r) = {h'q 2 - hq 2 ,r), 
h'b' 2 qxr hb 2 qTf _ c 2 


q 2 


q-2 


= — (mod 1) 

d 2 


for some c 2 , so that 

wet h ' u \ uc( h j \ c\Ti c 2 (n + kr ) 

h £(<?i, br,q 2 , b 2 , n) - /i£(<ji, &i; <? 2 , b 2 ; n) = — + 


di 


d 2 


(mod 1). 


Since (di,d 2 ) = 1, it follows by Lemma 11 that 

(11.4) g(h,ti;q 1 ,bi,q 2 ,b 2 ;q 2 ,b 2 ) < {did 2 ) 1/2+£ + ( Cl, ^ N _ 

a i 

We appeal to the condition N > x\ that gives, by (10.16), 

(11.5) FT 1 < x w+£ N~ l < x~ 3/4 - 15 ™ +£ N. 

Together with (7.5), this yields 

(did 2 ) 1/2 < ( Q 3 R ) lf2 < x 3/4+3w RT l < x~ 12w+£ N. 

A much sharper bound for the second term on the right side of (11.4) can be 
obtained. In a way similar to the proof of (9.14), we find that 

(ci, d\) < (. ci,r)qi < HiQ 2 . 

It follows by (10.17), (7.5) and the first inequality in (11.5) that 

{C] ]f A) < Hi(QR)R~ 2 < x V2+to+4 £Ar -2 < x -1/4-6«7 - 

d\ 
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Here we have used the condition N > x\ again. Combining these estimates 
with (11.4) we deduce that 

G(h, ti; qi, bi, q 2 , b 2 ; q 2 , b' 2 ) < x~ 12 ^ +£ N. 

Together with (10.17), this implies that, on the right side of (11.2), the con¬ 
tribution from the terms with h'q 2 ^ hq 2 is 


< a r 12w+e HlN < x~* w+ae N, 

which has the same order of magnitude as the right side of (11.3) essentially. 
Combining these estimates with (11.2) we obtain 

E \^(h',qi,bi]n)\ 2 « x 1_2ro+5£ M. 

n~N 

(n,qir)=l 

This yields, by Cauchy’s inequality, 

(11.6) E |^ r (h;gi,6i;n)| < x 1_ro+3e . 

n~N 

(n, 5 ir)=l 

The estimate (10.15) follows from (11.1) and (11.6) immediately. 

12. Estimation of TZi(r, a; k): The Type II case 

Assume that x 2 < N < 2x 1//2 and R* is as in (7.2). We have 


— 2zu-\-5e : 


( 12 . 1 ) 


where 


77!«AT E I£(")l> 


n~N 
(n,r) =1 


c(q 1 ,b 1 )c(q 2 ,b 2 ) 


qiq-2 


w n )= EE E E 

(qi ,n)=l b\ (q 2 ,qi(n+kr))=l b 2 

x E f(——) e (-H(qi,bi;q 2 ,b 2 ;n)). 

_^ _jj_ 

Let E stand for a summation over the 8-tuples {q\. b \; q 2 . b 2 '- q \, b \; q’ 2 . U 2 ) 
with 

0 2 i, Q 2 ) = (q[,q 2 ) = 1- 

To estimate the sum of |/C(n)| we observe that, similar to (9.8), 

( 12 . 2 ) 

'# \4qi, h)c(q 2 , b 2 )c(q[, b[)c(^ 2 , b 2 )\ 


M- 2 E |/C(n)| 2 «E 


n~N 

(n,r)=l 


qiq2qW 2 


E E \ M ( h ,ti'iqi, b i',q2,b 2 ;q[,b' 1 ;q' 2 ,b 2 )\, 

l<\h\<H 1 1<| h'\<Hx 


X 
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where 

M(h,ti;q 1 ,bi-,q 2 ,b 2 ;q' 1 ,b' 1 ;q' 2 ,b' 2 ) 

= Y - h£(qi,bi-,q 2 ,b2-,n)). 

n~N 

Here ^ is restriction to (n , qiq[r) = (n + kr , q 2 q 2 ) = L 
Similar to (9.9), we have 

HxQ- 2 < x" 3ro+£ . 

Hence, on the right side of (12.2), the contribution from the terms with 
h'qiq 2 = hq[q 2 is 

(12.3) < NQ~ a Y, Y Y T ^ h< d) B < x~* w+£ N. 

l<h<Hi q~Q q'^Q 

Note that the bounds (9.12) and (9.13) are valid in the present situation. 
Since R is near to x 1 / 2 in the logarithmic scale and Q is small, it can be shown 
via Lemma 11 that the terms with h'q\q 2 ^ hq[q 2 on the right side of (12.2) 
make a small contribution in comparison with (12.3). Assume that 

c(q 1 ,bi)c{q 2 ,b 2 )c(q' 1 ,b' 1 )c{q 2 ,b 2 ) / 0, (qi,q 2 ) = Wi,q 2 ) = 1, h!qiq 2 + hq[q 2 . 

We have 


(12.4) 

with 


h'^(q[, bi;q 2 , b' 2 , n) - h£(qi, br, b 2 ; n) 

_ sn tin t^n t 2 {n + kr ) t' 2 (n + kr) 

r qi q[ q 2 <l' 2 


(mod 1) 


s = a(h!q'iq' 2 — h<M 2 )(mod ?’), t\ = — bihq 2 f(mod qi), t\ = b^h' q 2 r(mod q[), 
t 2 = —b 2 hqif(mod q 2 ), t 2 = b 2 h'q[r(mod q 2 ). 

Letting d\ = [q \, q[\'r, d 2 = [q 2 ,q 2 ], we may rewrite (12.4) as 

h'^(q[, b'i, q 2 ,b' 2 , n) - h£(qi, 6i; q 2 , b 2 -n) = ^ (mod 1) 

for some c\ and c 2 with 

(ci,r) = (h'q\q' 2 - hqRt 2 ,r). 

It follows by Lemma 11 that 

(12.5) M(h, h !; qi,by,q 2 , b 2 ; q[, b[-q 2 , b 2 ) < (did 2 ) 1,2+e + <y ° 1 ' d 0( d i^ jg) N . 

«i 

By (7.5) and (9.13) we have 

(did 2 ) 1/2 < (Q 4 R) 1/2 < x 1 /^ 16 -. 



1162 


YITANG ZHANG 


On the other hand, we have (d\,d 2 ) < ( r l\ ( i\Q 2 Q 2 ) ^ Q 2 i since (q 2 q 2 ,r) = 1> 
and, similar to (9.14), 

(ci,di) < (cj, r) [q x , q\\ < [<?i, q'^HiQ 2 . 

It follows by (10.16), (9.13) and the first inequality in (9.12) that 

(cudMdutkfN <K ffiivQ6jrl <<; l7 2„ 

«1 

Combining these estimates with (12.5) we deduce that 

M{h, h!\ qi,br,q 2 , b 2 ; q[, b\\q' 2 , b' 2 ) < x l/A+u ^ +£ . 

Together with (10.16), this implies that, on the right side of (12.2), the con¬ 
tribution from the terms with h'q\q 2 7 ^ hq\ q 2 is 

< x l/4+l(iW+£ Hl < x 1/4+33ro , 

which is sharper than the right side of (12.3). Combining these estimates with 
( 12 . 2 ) we obtain 

£ |/C(n)| 2 < x'- :iw+E M. 

n~N 
(n,r) =1 

This yields, by Cauchy’s inequality, 

(12.6) •£ |K(n)| « x l ~". 

n~N 
(n,r )=1 

The estimate (10.15) follows from (12.1) and (12.6) immediately. 

13. The Type III estimate: Initial steps 

Assume that 7 = a* >cj\r 3 * * uqy, is of Type III. Our aim is to prove 

that 

x l ~ £ ! 2 

(13.1) A(q;d,c)<—-— 
for any d and c satisfying 

(d, c) = 1, x 1 / 2 - 6 <d< x 1 / 2 ^, d\V, (d, Vo) < Dl, 

which are henceforth assumed. This leads to (6.2). 

We first derive some lower bounds for the Nj from (A 4 ) and (A 5 ). We 

have 

/ \ 1/2 

(13.2) Ni > N 2 > > x 5 ' 16 -" 

and 

(13.3) N 3 > > x 1/4 " 16ro Af > x 1/4 ~ 16ro 

v ; MNiN 2 ~ 
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Let / be as in Lemma 7 with rf = i] and with N\ in place of M. Note 
that the function — f is supported on [N±, iVi] U [r)N\. t)N^] with N± = 
(1 ± N^ £ )N\. Letting 7 * = a * xjq 3 = 1 = * /, we have 


d 

<p(d) 


Y ( 7 - 7 *)W< 

(n,d )=1 


x 1 -^ 2 


and 


E (7-7*)(w)<^ E E r ig(0 

n=c(d) N~<q<Ni l<l<3x/q 

{q,d )=1 lq=c(d) 

+ £ Y Y r i9(0< 

qN 1 <q<riN+ 1<K3 x/q 
(q,d)=1 lq=c(d) 


It therefore suffices to prove (13.1) with 7 replaced by 7*. In fact, we shall 
prove the sharper bound 

1—07/3 

(13.4) A( 7 *;d, c ) < —-—, 

In a way similar to the proof of (8.2), we obtain 


E f(n) = Yrf(0) + O(x £ ). 

(n,d)=1 


This yields, by (13.2), 


1 

<,P(d ) 


E 7*w 

(n,d)=1 


f -f E £ E «(m) + 0(<r : y"). 

(m,d)=l ns—N3 U2—N2 
(n 3 ,d)=l (n 2 ,d)=1 


Here and in what follows, n ~ IV stands for N < n < r/N. On the other hand, 
we have 


E 7»= E E E E /M- 

n=c(d) (m,d) = l 712 —N 2 mnsn 2 ni=c(d) 

(ns,d)=l (n 2 ,d)=l 

The innermost sum is, by Lemma 7, equal to 

k Y f( h /d)e d ( - chmn 3 n 2 ) + 0(x~ 2 ), 

a \h\<H* 


H* = dN{ 1+2e . 


where 
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It follows that 

A (7*;d,c) = ^ 55 55 55 «M 

m~M ns^Ns ri2—N2 
(m,d)= 1 ( 77 . 3 ,g £)=1 (ri 2 ,^) = l 

x ^ f(h/d)ed( — chmn^na) + 0(d~ 1 x 3 ^ 4 ). 

l<|h|<Jf* 

The proof of (13.4) is therefore reduced to showing that 

(13.5) 55 55 55 f{h/d)e d {ahrwnz) < x 1 -ro/ 2 + 2 e M -1 

l</i<H* ns—Ns 77-2 —A ^2 

(n 3 ,d)=l (n 2 ,d)=l 
for any a with (a, d) = 1 . 

On substituting dj = d/(/i, d) and applying Mobius inversion, the left side 
of (13.5) may be rewritten as 

55 55 55 55 f( h / d i)e di (ahrwfi) 

d\\d l<h<H ns—Ns ri2—N2 

(h,di)=l (ns,d )=1 (ri 2 ,d)=l 

= 55 55 55 )fi(b 2 ) 55 55 

d\d2=d 63^2 & 2 M 2 nsc^Ns/bs 

( h,di)=l (ri3,di)=l 

x 55 f(h/di)e dl [ahb 3 b 2 n 3 n 2 ), 

n 2 ~N 2 /b 2 

(n 2 ,di)=l 

where 

(13.6) H = diN{ 1+2e . 

It therefore suffices to show that 

(13.7) 55 55 55 f(h/di)e dl (bhn^) < x 1 _ro/ 2 +£ M _1 

7l3~A^3 77.2 —-^2 

(/l,dl) = l (n 3 ,C?l) = l (7l2,^l) = l 

for any di, 6 , IV 3 and satisfying 

(13.8) di|d, ( 6 ,di) = l, ^<^'<^ 3 , ^<^'<^ 2 , 

which are henceforth assumed. Note that (13.2) implies 

(13.9) H < x 3/16+6tv+ £ _ 

In view of (13.6), the left side of (13.7) is void if di < N\~ 2e , so we may 
assume di > N\~ 2s . By the trivial bound 

(13.10) / (z) « Ni, 
and (3.13), we find that the left side of (13.7) is 

< HN 3 Ni(d,y 2+£ + d^N 2 ) < d\ / 2 +£ N 2 e N 3 . 



BOUNDED GAPS BETWEEN PRIMES 


1165 


In the case d\ < x 5 / 12 6ro , the right side is <C x 1 OT+3e M 1 by (A 4 ) and (2.13). 
This leads to (13.7). Thus we may further assume 

(13.11) d\ > x 5/12 - 6ro . 

We appeal to the Weyl shift and the factorization (2.8) with d± in place 
of d. By Lemma 4, we can choose a factor r of d± such that 

(13.12) x 44ro < r < x 45 ™. 

Write 

Af(d u k) = EE E f{h/di)e dl (bh(n 2 + hkr)n 3 ), 

1 <h<H ns—N^ ri2—N 2 

(h,di)=l ( ns,di)=l ( ri 2 -\-hkr,di)=l 

so that the left side of (13.7) is just A7(cii,0). Assume k > 0. We have 

(13.13) Af(di,k) — A7(di, 0) = Qi(d 1 ,k) - Q 2 (di,k), 
where 

Qi(di,k)= E E E f(h/di)e dl (bhln 3 ), i = 1,2, 

1 <h<H n 3 ^N^ l&Xi(h) 

( h,di)=l (n3,c?i)=l (l,di)=l 

with 

h(h)= \j]N' 2 , r}N' 2 + hkr ), X 2 (h) = [lV£, N' 2 + hkr) . 

To estimate Qi{d\,k) we first note that, by Mobius inversion, 

Q i (d 1 ,k)= Y M s ) E E E f(h/t)e t (bhln 3 ). 

st=di 1 <h<H/s n 3 c^N^ l€Ii{h) 

(n 3 ,di)=l (/,di)=l 

The inner sum is void unless s < H. Since H 2 = o(d\) by (13.9) and (13.11), 
it follows, by changing the order of summation, that 

\Qi(di,k)\< E E E E f(h/t)e t (bhln 3 ) 

st=d\ n 3 ~Ns l£li(H) h£Ji(s,l) 

(n 3 ,di)=l (l,di)=l 

where Ji(s,l ) is a certain interval of length < H and depending on s and l. 
Noting that, by integration by parts, 

E/( z )« min {lV 2 ,|z|- 2 7Vf}, 

by partial summation and (13.10) we obtain 

E f{h/t)e t [bhln 3 ) < Akinin {H, || 6 /n 3 /t|| _1 }. 

h£Ji(s,l) 
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It follows that 

Qi(di, k) <C AT 1 1+£ Y Y Y min {l?, || 6 Zn 3 /t|| _1 }. 

t\di l£li{H) n 3 <2N 3 
t>H {l,di)=l (rr 3 ,rfi)=l 

Since H = o(N^) by (13.3) and (13.9), the innermost sum is <C N^ +£ by 
Lemma 9. In view of (13.6), this leads to 

(13.14) Qi{di,k) Cd\ +£ krN 3 . 

We now introduce the parameter 

(13.15) K = [.T- 1 / 2 " 48 ro !ViiV 2 ], 

which is 3 > x 1 / 8-56 ® 7 by (13.2). By (A 5 ) and the second inequality in (13.12), 
we see that the right side of (13.14) is <C x 1 ~ w+£ if k < 2K. Hence, by 
(13.13), the proof of (13.7) is reduced to showing that 

(13.16) y, Y Af(di, k) < x l ~ w / 2+£ M-\ 

K k~K 


14. The Type III estimate: Completion 


The aim of this section is to prove (13.16), which will complete the proof 
of Theorem 2. 

We start with the relation 


h(n 2 + hkr) = l + kr (mod d±) 

for ( h,di ) = (712 + hkr, d\) = 1, where l = hn^ (mod d\). Thus we may rewrite 
N(d\, k) as 

N{d\, k) = E KMi) E <=*(6(< + fcr)n 3 ), 

l( mod di) n 3 ~Ns 

( l+kr,di)=l (n 3 ,di)=l 

with 

v(l’,di)= Y' f(h/di). 

hri 2 =l(di) 

Here Y, is restriction to 1 < h < H, (h,d\) = 1 and 712 ~ N! 2 . It follows by 
Cauchy’s inequality that 

12 


(14.1) 

where 


Y^k) 

k~K 


< P 1 P 2 , 


Pi= Y Hhdi)\\ P 2 = Y 

l( mod di) l( mod d\) 


Y Y e di ( b ( l + kr)n) 

k~K n~N' 

(l+kr,di )=1 ( n ,di )=1 
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The estimation of P\ is straightforward. By (13.10) we have 
Pi <C Nf#{(hi,h2\ni,n2) ■ h 2 n\ = /iin 2 (mod d\), 1 < hi < H, nt ~ IV2}. 
The number of the 4-tuples (hi,h 2 ; , 711 , 77 - 2 ) satisfying the above conditions is 


< E ( E r ( m ) 

l( mod di) ' l<m<2HN2 
m=l(di) 

Since HN 2 <C d\ +£ by (13.6), it follows that 

(14.2) Pi < d\ +£ Nf. 

The estimation of P 2 is more involved. We claim that 

(14.3) P 2 < d lX 3/16+52 ™ +£ K 2 . 

Write di = rq. Note that 

M' 

(14.4) > x 1/6 “ 69ro 

r 

by (13.8), (13.11), (13.3) and the second inequality in (13.12). Since 

E e. dl {b{l + kr)n) = E E e dl (b(l + kr)(nr + s)) + 0(r), 

n~N^ 0 <s<r n~N^/r 

(n,d±)=l ( s ? r )—1 (nr-\-s,q)=1 

it follows that 

E E e <*i( 6 (* + fer>) = P(Z) + 0(Kr), 

k~K n~N' 

(l+kr,di )=1 („ )dl )ii 

where 

^(0= E E E e dl (b(l + kr){rn + s)). 

0 <s<r k~K nc^N^/r 

(s,r)=l (l+kr,di)=l ( nr+s , q )=i 

Hence, 

(14.5) P 2 « X] |t/(0 | 2 + rfi(^>) 2 - 

Z( mod di) 

The second term on the right side is admissible for (14.3) by the second 
inequality in (13.12). On the other hand, we have 

(14.6) e ip(oi 2 = E E E E nk 2 -h-,si,s 2 ), 

l( mod di) ki~K k2~K 0 <si<r 0<S2<r 

(si,r)=l (s 2 ,r)=l 
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where 

V(k;s 1 ,s 2 )= Y E 

ni^N'^/r n2—N^/r 
(nir+si,q)=l (n 2 r+s 2 ,<7)=l 

x E e d! {bl{nir + si) - b(l + kr)(n 2 r + s 2 )). 

l( mod d\) 

Here Y^ is restriction to (l, d\) = (l + kr, di) = 1. 

To handle the right side of (14.6) we first note that if l = l\r+l 2 q( mod di), 
then the condition (l(l + kr),d\) = 1 is equivalent to (l\(l\+k), q) = (l 2 , r) = 1. 
In this situation, by the relation 

■j- = ~ + - (mod 1), 

d\ q r 

we have 

l(n\r + si) — (l + kr)(n 2 r + s 2 ) 

di _ 

= r 2 li(nir + sQ - r 2 (h + k)(n 2 r + s 2 ) + q 2 s 1 s 2 l 2 (s 2 - si) ^ 

q r 

Thus the innermost sum in the expression for H(£;;si,s 2 ) is, by the Chinese 
remainder theorem, equal to 

C r (s 2 — si) Y e q (br 2 l(nir + s\)-br 2 (l + k)(n 2 r + s 2 )). 

l( mod q) 

(l(l+k),q )=1 

It follows that 

(14.7) V(k;s i,s 2 ) = W(k;s 1 ,s 2 )C r (s 2 - si), 

where 

W{h,si,s 2 ) = Y E 

niC^N^/r n2—N^/r 
(nir+si,q)=l ( ri 2 r+S 2 ,q)=l 

x Y, e q [br 2 l{n\r + s\) — br 2 (l + k){n 2 r + s 2 )\ 

l( mod q) 

Here Y, i s restriction to (1(1 + k),q) = 1. 

By virtue of (14.7), we estimate the contribution from the terms with k\ = 
k 2 on the right side of (14.6) as follows. For (ri\r + si, q) = (n 2 r + s 2 , q) = 1, 
we have 

Y e q (br 2 l(n\r + si) - br 2 l(n 2 r + s 2 )) = C q ((n\ - n 2 )r + s\ — s 2 ). 

l( mod q) 
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On the other hand, since IV 3 <C x 1 / 3 , by (13.11) and the second inequality in 
(13.12) we have 

Nl 


^ « x-V 12 + 6w « r- 1 . 
d\ 


(14.8) 

This implies N^/r = o(q), so that 

y | C q (nr + m)\ <C q 1+£ 

n~N' 3 /r 

for any m. It follows that 

W (0; si, s 2 ) < q l+£ r~ 1 N'^. 

Inserting this into (14.7) and using the simple estimate 

~ 2 +£ 


we deduce that 


E E |Cr(»2 - »l)| « 

0 <si<r 0 <S 2 <x 


E E V(0- Sl ,S2)<^d\ +£ N 3 . 


0 <si<r 0 <S 2 <r 
(si,r)=l (s2,r)=l 

It follows that the contribution from the terms with k\ = k 2 on the right side 
of (14.6) is <C d\ +£ KNs, which is admissible for (14.3), since 
K-'Na < x V 2 + 48 - 7 V 1 - 1 < x 3/i6+52 OT 

by (13.15) and (13.2). The proof of (14.3) is therefore reduced to showing that 

(14.9) E E E E V(k 2 -kr,s 1 ,s 2 )Cd 1 x 3 / 16+52 ™ +£ K 2 . 

k\^K k2^K 0 <si<r 0<S2<r 
k.2^k\ (si,r)=l (s 2 ,r)=l 

In view of (14.4) and (14.8), letting 

n = min{n : n — N^/r}, n = max{n : n — N^/r}, 
we may rewrite W(k; s\,s 2 ) as 

W(k]Si,s 2 )= EE' F{m/q)F(n 2 /q) 

n\<q ri2<q l( mod q) 

(nir+si,g)=l (ri2r+S2,q)=l 

x e g (6r 2 /(mr + si) — br’ 2 (l + k)(n 2 r + S 2 )), 
where F(y) is a function of C' 2 [0,1] class such that 

0 < F{y) < 1, 

/ " 

_, , „ n n 

F(y) = 1 if — < y < —, 

q q 


F(y) =0 if y i 


n 


1 n 


q 2q' ’ q 2q 
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and such that the Fourier coefficient 


satisfies 

(14.10) 


n(m) = / F(y)e(—my ) dy 

Jo 


n(m ) <C k*( m) := min l -, -—-, —^ 


r \m\ m- 

Here we have used (14.8). By the Fourier expansion of F(y) we obtain 


(14.11) W{k- Sl -s 2 ) = E E n(mi)n(m 2 )y(£;;mi,m 2 ; si, s 2 ), 
where 


mi= — 00 7722 — — OO 


y(/c;mi,m 2 ;si,S2) 

E EE' A;;mi,m 2 ;m,n 2 ;si,s 2 )), 

ni<<j n 2 <q l( mod q) 

(nir+si,g)=l (n2r+S2,<l) = l 

with 

<5(Z, fc; mi, m 2 ; m, n 2 ; si, s 2 ) = 6?’ 2 Z(nir + si) 

— br 2 (l + fc)(n 2 ?’ + s 2 ) + mini + m 2 n 2 . 
Moreover, if rijr + Sj = tj (mod g), then n 3 = f(tj — Sj )( mod g), so that 
mini + m. 2 n 2 = f{m\t\ + m 2 f 2 ) — r(misi + m 2 -s 2 ) (mod g). 
Hence, on substituting n^r + sy = tj, we may rewrite Y(k\ mi, m 2 ; si, s 2 ) as 

(14.12) y(fe;mi,m 2 ;si,s 2 ) = Z(k\ mi, m 2 )e g ( — f(misi + m 2 s 2 )j, 
where 


Z(/c; mi, m 2 ) 

= E* E* E e g (&7* 2 Zii - 6r 2 (Z + fc)t 2 + f(miii+m 2 t 2 )). 

ti( mod q)t2 ( mod <?) Z( mod g) 

It follows from (14.7), (14.11) and (14.12) that 

(14.13) E E V(k-, Sl ,S2) 

0<si<r 0 <S 2 <r 
(si,r)=l (S 2 ,r*)=l 

00 00 

= E E n(mi)n(m 2 )Z(fc; mi,m 2 )J(mi,m 2 ), 

777-1= —OO 777-2 = —OO 


J(mi,m 2 )= E E e g ( - r(misi + m 2 s 2 ))C r (s 2 - si). 

0<si<r 0<S2<7’ 

(si,r)=l (s 2 ,r)=l 


where 
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We now appeal to Lemma 12. By simple substitution we have 
Z(k\mi,m 2 ) = T(k, bm\f 3 , —&m 2 f 3 ; q ), 

so Lemma 12 gives 

Z(k-,mi,m 2 ) < {k,q) 1/2 q 3/2+£ , 

the right side being independent of mi and m 2 . On the other hand, we have 
the following estimate, which will be proved later: 

OO OO 

(14.14) E E K*(m 1 )re*(m 2 )|J(m 1 ,m 2 )| « r 1+E . 

7711 — — OO 7712 = —OO 

Combining these two estimates with (14.13) we obtain 

E E V{k;si,s 2 ) < (fc,?) 1 / V / 2 +e r 1+e . 

0 <si<r 0<S2<r 
(si,r)=l (s2,r)=l 

This leads to (14.9), since 

q 1 / 2 = (di/r) 1 / 2 < x 1 '^ 21 ™ = z 3 / 16+52ro 

by the first inequality in (13.12), and 

E E _ 7 ) 1/2 < q £ K 2 , 

k 2 ^ki 

whence (14.3) follows. 

The estimate (13.16) follows from (14.1)—(14.3) immediately since 

Ni < x 3/8+8 ™M~\ d\ < x 1/2+2tu , ^ + 36 w = 1 - 

oz z 

It remains to prove (14.14). The left side of (14.14) may be rewritten as 

-j OO OO 

7 E E E K*(mi)K*(m 2 + k)\ J(mi,m 2 + k) |. 

mi=-oo m 2=—00 0 <k<r 

In view of (14.10), we have 

OO 

y k* (m) <C £, 

771= —OO 

and K*(m + fc) <C ft* (m) for 0 < k < r, since r < q by (13.11) and the second 
inequality in (13.12). Thus, in order to prove (14.14), it suffices to show that 

(14.15) ^2 |«/(mi, m 2 + 7c) | <C r 2+£ 

0 <k<r 


for any mi and m 2 . 
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Substituting s 2 — si = t and applying Mobius inversion we obtain 
(14.16) J(mi,m 2 ) = y C r {t) y e g ( - f(m 2 t + (mi + m 2 )s)) 

|t|<r «S 7 t 

(s(s+t),r)=l 

< y E e 9 (f(mi+ m 2 )s) , 

|t|<r ri|r s£/ t 

s(s+t)sO(n) 

where It is a certain interval of length < r and depending on t. For any t and 
square-free rq, there are exactly r(ri/(t, 7q)) distinct residue classes (mod r \) 
such that 

s(s + t) = 0 (modri) 

if and only if s lies in one of these classes. On the other hand, if r = rqr 2 , then 
y e q (r(mi + m 2 )s) <C min \r 2 , ||f 2 (mi + m 2 )/g|| -1 } 

sGlt 

s=a(ri) 

for any a. Hence the inner sum on the right side of (14.16) is 
<C r(r) y, min {r 2 , ||f 2 (mi + m 2 )< 7 || -1 }, 

r 2 |r 

which is independent of t. Together with the simple estimate 

E |C7 r (t)| « r(r)r, 
l*l<r 


this yields 

J(mi,m 2 ) <C r(r) 2 r y min [r 2 , ||f 2 (mi + m 2 )/g|| -1 }. 

r 2 |r 


It follows that the left side of (14.15) is 
(14.17) 

<C r(r) 2 r E E E min {r 2 , ||r 2 (mi + m 2 + feir 2 + /c 2 )/g|| 1 }. 

nr 2 =r 0<fei<n 0<fc 2 <r 2 


Assume ?’ 2 |r. By the relation 


7(2 = __ 9 _ J_ 
q r 2 qr 2 


for 0 < k < r 2 we have 


(mod 1), 


r 2 (m + fe) 

q 


r 2 m _ qk 1\ 

q r 2 \q) 


(mod 1). 


This yields 

(14.18) y min |r 2 , ||r 2 (m + fc)/g|| -1 } <C r 2 £ 

0 <fc<r 2 

for any m. The estimate (14.15) follows from (14.17) and (14.18) immediately. 
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